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SYNOPSIS 


The hypothesis is advanced that the stress-strain diagram for con- 
crete under short-time loading consists of two linear parts, one repre- 
senting elastic behavior and the other representing plastic behavior. 
The former is measured by the “modular ratio,” which is defined as the 
ratio of the modulus of elasticity of steel to the initial modulus of 
elasticity of concrete. The latter is measured by the “plasticity ratio,” 
which is defined herein as the ratio of the plastic strain to the total 
strain at rupture of the concrete. Furthermore, the hypothesis is ad- 
vanced that the plasticity ratio, like the modular ratio, is a function of 
the compressive strength of the concrete. Based on these hypotheses, 
formulas are derived for the ultimate strength of beams reinforced in 
tension only. Comparisons are made with the results of tests which 
have been reported by various investigators. 


ULTIMATE STRENGTH OF REINFORCED CONCRETE 
BEAMS AS RELATED TO THE PLASTICITY 
RATIO OF CONCRETE 


I. LyrropucrTIion 


1. Introduction.—In the investigation of the effect of concentrated 
loads on reinforced concrete bridge slabs it has been necessary to plan 
and interpret tests of reinforced concrete sections of various kinds. As 
a basis for the interpretation of such tests it has been further necessary 
to draw upon the fund of knowledge which has been accumulating in 
the field of reinforced concrete over a period of more than forty years. 
For the most part this knowledge is based upon tests of simple beams. 
It is apparent that a clear understanding of the behavior of a beam 
must precede any attempt to explain the behavior of a slab. This is 
because the problem of the slab involves additional variables such as 
lateral and transverse distribution of moment and orientation of rein- 
forcement with respect to the principal directions of moment. 

One might assume that the ordinary theory of reinforced concrete 
(based on a linear distribution of stresses, excluding tension in the 
concrete, and including the effect of a modular ratio n = E;/E-) was 
so well established as to be accepted in all of its implications. If such 
were the case, the entire discrepancy between measured and calculated 
effects would rest in the theory of elasticity except for possible errors 
of measurement. 

As early as 1905 Talbot* recognized that, “even if the straight- 
line relation be accepted as sufficient for use with ordinary working 
stresses, the parabolic or other variable relation must be used in dis- 
cussing experimental data when-any considerable deformation is de- 
veloped in the concrete.’”’ Since that time many proposals have been 
made for improving reinforced concrete design, but the straight line 
relation has remained the basis of design of flexural members. Sharp 
difference of opinion exists, especially between European and American 
authorities, as to appropriate values of the modular ratio, and in par- 
ticular as to the desirability of confining the modular ratio to a single 
value. 

In recent years the criticisms of the ordinary straight line theory 
have given rise to proposals for the abandonment of the modular ratio 


*Arthur N. Talbot, “Tests of Reinforced Concrete Beams—Series of 1905,’’ Univ. of Ill. Eng. 
Exp. Sta. Bul. 4, 1906, p. 7. 
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n in favor of formulas based on various theories of plastic action.* 
In all of these theories emphasis is placed upon the load at final rup- 
ture of the beams. The wisdom of such emphasis is open to question, 
especially when the attempt is made to develop a constant factor of 
safety, based on ultimate load, for all percentages of steel. 

The question of ultimate.load is receiving greater attention today 
due to the interest in “balanced design.” This name has been given to 
a method of design whereby the various parts of a structure are pro- 
portioned so as to have a nearly constant ultimate strength in terms 
of applied live loads. The question of ultimate load is also related to 
the problem of “balanced reinforcement” when this term is used to 
denote the percentage of reinforcement required to develop the full 
compressive strength of the concrete in a flexural member. 

In this bulletin an attempt is made to formulate a sufficiently com- 
plete theory to predict the ultimate strength of rectangular beams, re- 
inforced in tension only, loaded so as to undergo constant maximum 
moment over a portion of the beams. It is believed that the theory 
presented herein will give the research worker a better understanding 
of the fundamental behavior of the reinforced concrete beam. It does 
not follow that any of the formulas given herein should necessarily be 
used in design. It is recognized that simple and safe approximations 
may properly be used as design formulas. 


2. Acknowledgment.—The study reported in this bulletin was made 
as a part of an investigation of the effect of concentrated loads on 
reinforced concrete bridge slabs being conducted in the Engineering 
Experiment Station in cooperation with the Public Roads Administra- 
tion of the Federal Works Agency and the Illinois Division of High- 
ways. The project is under the administrative direction of Dran M. L. 
Encer, Director of the Engineering Experiment Station, Proressor 
W. C. Huntineron, Head of the Department of Civil Engineering, 
and Proressor F. B. Srenry, Head of the Department of Theoreti- 


*(1) Rudolf Saliger, ““Bruchzustand und Sicherheit im Eisenbetonbalken,’’ Beton und Hisen, 
Vol. 35, No. 19, Oct. 5, 1936, pp. 317-320 and No. 20, Oct. 20, 1936, pp. 339-346. 

(2) Fritz v. Emperger, ‘““Der Beiwert ‘n’,’’ Beton und Hisen, Vol. 35, No. 19, Oct. 5, 1936, 
pp. 324-332. 

(3) K. Hajnal-Konyi, ‘“The Modular Ratio, A New Method of Design Omitting m,’’ Con- 
crete and Constructional Engineering, Vol. 32, 1937, pp. 11-26, 129-132, 189-208. Discussion, same 
volume, pp. 293-305, 365-375, 432-444, 489-494, 505-508, 517-531, 599-600. Also associated with the 
new theories are the names Stiissi, Schreyer, Steuermann, Kazinezy, Gebauer, Bittner, Michielsen, 
Brandtzaeg, Ros, Rengers, and others. 

_ (4) Charles S. Whitney, ‘““Design of Reinforced Concrete Members under Flexure or Com- 
bined Flexure and Direct Compression,’ Jnl. Am. Conc. Inst., March-April 1937, pp. 483-498 
(Proc. A.C.I. Vol. 33). Discussion, Proc. Vol. 33, pp. (498-1) to (498-35). Also: “Plastic Theory 
of Reinforced Concrete Design,’ Proc. Am. Soc. C. E., Vol. 66, No. 10, Dee. 1940, pp. 1749-1780. 
Discussion, Proc. Feb. 1941, pp. 260-264; Mar. 1941, pp. 491-500; April 1941, pp. 667-670; May 
1941, pp. 950-957; June 1941, pp. 1127-1136; Sept. 1941, pp. 1245-1255. 

(5) Kenneth C. Cox, ‘“‘Tests of Reinforced Concrete Beams with Recommendations for 


Attaining Balanced Design,” Jnl. Am. Conc. Inst., Sept. 1941, pp. 65 to 80. Discussion, Jnl. 
A.C.I., June 1942, pp. (80-1) to (80-11). 
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eal and Applied Mechanics. F. E. Ricuarr, Research Professor of 
Engineering Materials, gives general supervision to the work of the 
investigation. 

An Advisory Committee consisting of representatives of the three 
cooperating agencies is in general charge of the program of the 
investigation. 

Particular acknowledgment is made to Prorrssors F. E. RicHarr 
and N. M. Newmark for their encouragement and for their helpful 
suggestions which have been generously given throughout this study. 


II. ANAtysis or BEAMS FOR ULTIMATE STRENGTH AND DEFLECTION 


3. Stresses and Strains in Concrete; Concept of Plasticity Ratio — 
In his various researches with plain and reinforced concrete Talbot 
adopted the stress-strain diagram shown in Fig. 1 as typical for con- 
crete tested in compression. Various parts of this stress distribution 
were then assumed to accompany a linear distribution of strains in the 
compression side of a beam as shown in Fig. 2. The final distribution 
of stress shown in Fig. 2(c) was assumed to be attainable only when a 
large enough percentage of steel was provided to develop the full 
strength of the concrete. However, Talbot recognized that a maximum 
strain could be developed in the extreme fiber of the beam which was 
sreater than the strain corresponding to the maximum stress deter- 
‘ained in the compression test. 

More recently stress-strain diagrams have been reported* for con- 
erete tested in compression in a manner which permitted strains and 


*See footnote p. 10, items (1) and (2). 
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loads to be observed up to the instant of collapse of the specimen. A 
diagram of this kind is shown in Fig. 3. Applied to the compression 
side of a beam, approximations to this stress distribution in the form 
of a rectangle* or in the form of a trapezoid} have been made as 
shown in Fig. 4. The validity of the decreasing stress shown in Fig. 3 
has been questioned, but it appears reasonable that resistance to load 
does not necessarily stop suddenly at the maximum stress developed 
in the test. The exact shape of the diagram beyond the maximum stress 
may, however, be very sensitive to the rate of application of the 
stress and to the shape of the test specimen. Furthermore, the assump- 
tion that the maximum stress developed in a 6-in. by 12-in. cylinder 
will be the maximum stress developed in a beam is open to question. 
The effect of size and shape of specimen on the compressive strength | 
of concrete is recognized. To determine the strength for any one shape © 
and size of compressive specimen and to apply this strength to beams 
which vary in size and shape involves pure assumption, and is subject 
to errors having an order of magnitude which might possibly be in the 
neighborhood of 10 per cent. This is shown by variations in compres- 
sive strength which have been observed for compressive specimens of 
different size and shape. 

Considerable error in estimating the compressive strength of the 
concrete has little effect on the estimated strength of a beam which 
fails by tension in the steel. This is true no matter what distribution 
of compressive stress is assumed to exist in the beam at failure. The 
calculated moment arm, jd, of the tensile strength of the steel at the 
yield point, A,fy, is not sensitive to wide variations in the strength 
of the concrete or to wide variations in the distribution of the com- 


*See footnote p. 10, items (1), (3), (4), and (5). 
tSee footnote p. 10, item (2). 
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vressive stresses. This is shown by a study of the formulas for jd 
ziven in Fig. 5 for various assumed distributions of compressive stress. 
If, however, the beam is over-reinforced so as to produce a compressive 
failure in the concrete before the yield point of the steel has been 
reached, the calculated strength of the beam is materially influenced 
by both the intensity and the distribution of the compressive stresses. 
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In all of the theories of failure that have been offered to date, a 
typical stress-strain diagram has been assumed for concrete in com- 
pression. Actually no single curve is typical of all concrete even up to 
the maximum stress developed. This is shown in Fig. 6, where stress— 
strain diagrams are given for concretes of varying strength. All of the 
data are for 6-in. by 12-in. cylinders moist cured and tested moist at 
28 days. It is to be noted that, up to the maximum stress developed, 
the higher strength concretes exhibit a more nearly linear stress-strain 
diagram, whereas the lower strength concretes exhibit a diagram more 
nearly like a second degree parabola. For strains beyond those which 
accompany maximum stress, the difference in the curves is uncertain, 
and is likely to be greatly influenced by the speed of testing. One 
characteristic difference, apparent from tests, is that the lower strength 
concretes fail more gradually than those of higher strength, the strains 
at final rupture being several times as great for exceedingly low 
strength concretes as for those of high strength. The higher strength 
concretes are likely to fail suddenly, final rupture occurring almost 
immediately after the maximum load is reached. 

For the purpose of the theory developed herein, a typical set of 
stress-strain curves extended to rupture for gravel concrete will be 
assumed as shown in Fig. 7(a). These curves are then further idealized, 
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in that they are represented by a family of trapezoids, as shown in 
Fig. 7(b). This family of curves is sufficiently broad in scope to cover 
all grades of concrete, from the highest to the lowest strength. The 
proportions of the trapezoidal diagram for a given compressive 
strength of concrete, f.’, depend upon two coefficients, namely E-, the 
initial modulus of elasticity of the concrete, and 8, the ratio of the 
plastic deformation to the total deformation of the concrete at rupture, 
defined herein as the “plasticity ratio.” 

Consider first the initial modulus of elasticity of concrete. For con- 
cretes made with gravel or crushed stone, a satisfactory determination 
of H, may be made from the following empirical formula for the 


modular ratio 
HK, 10 000 
5 + ————_. 


E, fe 


(1) 


Here f,’ is the numerical value of the compressive strength of 6-in. by 
12-in. cylinders expressed in pounds per square inch. The formula is 
simple and easy to use. Variations of n and H, with f.’ are shown in 
Fig. 8, the curve for #, being based on H, = 30(10)° pounds per square 
inch. The plotted points in Fig. 8 are experimental values of £, appli- 
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cable to concretes made with gravel and limestone aggregates. and 
taken from Bulletin 237.* Other comparisons with experimental data 
may be made, as for example with the collected data given by N. H. 
Roy and F. E. Richart. Such a comparison will show that there is a 
wide spread in the measured values of E., but that Equation (1) is a 
fair representation of the trend of variation of HE, with f;’. 

Consider next the plasticity ratio. The existence of this factor is 
recognized qualitatively through the behavior of concrete compression 
specimens at loads near rupture. The sudden rupture of the specimen 
of high strength, almost immediately after the maximum load is 


*“Tests of Plain and Reinforced Concrete Made With Haydite Aggregates,’ Univ. of Ill. 
Eng. Exp. Sta., Bul. 237, October. 1931. 

tN. H. Roy and F. E. Richart, Discussion of Paper by Hardy Cross, “Design of Reinforced 
Concrete Columns Subject to Flexure,’’ Proc. Am. Conc. Inst., Vol. 25, 1930, p. 775. 
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reached, and the gradual break-down of the specimen of low strength 
while the load remains practically constant at its maximum value, give 
evidence that the horizontal portion of the idealized stress-strain 
diagram is relatively small for concretes of high strength and relatively 
large for concretes of low strength. If «, denotes the total concrete 
strain at final rupture and Be, denotes the plastic strain corresponding 
to the horizontal portion of the diagram, then the extreme range of 
numerical values of B is from zero to one. Unfortunately, few direct 
measurements are available for determining £. Until a more satis- 
factory representation is available, it is proposed, for concretes made 
with gravel or crushed stone, that an entirely empirical relationship be 
used in the form 


1 
ae 


SNe 
+ Coat) 


where, as in Equation (1), f.’ represents the numerical value of the 
compressive strength of concrete when expressed in pounds per square 
inch. This factor is easily computed and is to be regarded as a char- 
acteristic of the concrete. The variation of B with f:’ according to 
Equation (2) is shown in Fig. 9. Later research may indicate that 
Equation (2) should be modified or that a different formula should be 
used in its place. 

The important feature brought out here is that there are actually 
two characteristics necessary to describe the stress-strain relationship 
of concrete all the way to rupture, the modular ratio and the plasticity 
ratio. These characteristics are defined empirically by Equations (1) 


(2) 
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and (2). The complete trapezoidal stress-strain diagram is thus de- 
termined by f,’ since n, H,, and B are known from (1) and (2), and 
since the strains defined in Fig. 10 are obtainable from the equations 


fe fe 
6 = ‘ Cara 


(3) 


4. Stresses and Strains in Reinforcing Steel—For reinforcing steels 
which possess a marked yield point a portion of the stress-strain 
diagram may be idealized as shown in Fig. 11. There seems to be no 
simple law to express the relative extent of the horizontal part of the 
curve, nor to express the slope, Ho, of the diagram to the right of the 
horizontal portion of the curve. This slope has been measured vari- 
ously at from one-half million to two million pounds per square inch. 
The characteristics of the curve near the yield point and beyond are 
doubtless materially affected by the relative cooling of the bar during 
rolling, as well as by the composition of the steel, the size of the bar, 
and the speed of testing. 

The three linear relations between stress and strain described in 
Fig. 11 may be expressed as follows: 


feu Lee fOre gen. Ge, 
fs = fy fOr fe, <1 en <cey (4) 
f; = fo+ Boe, for ¢ > ¢,. 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 19 


se Fy uae) 
~ (+i) 3 
G /t+p , 
A oe eins 
é Cc 2 ahr, 
aN zh 
x Neutral Axis 
¢ 
C 
& T=phdh 
Bal 
Strain it? Steel, 5 Strains Srresses 

Fig. 11. Iprauizep Srress—Srrarn Fic. 12. Strains AND STRESSES ON 

DIAGRAM FOR STEEL Cross-Section or Bream 


A complete representation of the diagram shown in Fig. 11 is possible 
when fy, «y, and Hy) are measured since it is sufficiently accurate to 
assume H, = 30(10)° pounds per square inch and since 


=f 
3 = E, (5) 
and 
ho rs te == Eve,’. (6) 


Measured values of «,’ between 0.005 and 0.020 are common. 

In the discussion of the ultimate strength of beams it will be shown 
that the steel stress at rupture of the beam may be in any one of the 
three ranges represented in Equation (4); that is, at rupture of the 
beam the stress in the steel may be (1) less than the yield point, 
(2) at the yield point, (3) greater than the yield point. Saliger* 
pointed out these three possibilities, but gave an unsatisfactory expla- 
nation of the theoretical basis for the third condition. The particular 
condition which will apply to a given beam will depend on the prop- 
erties of the steel and concrete, and on the percentage of reinforcement. 

For reinforcing steels which do not have a marked yield point, no 
sharp classification can be made as to the nature of the steel stress at 
rupture of the beam. For a given concrete reinforced with such steel 
the stress in the steel at failure of the beam decreases gradually 
with an increase in the percentage of steel used, as will be discussed 
‘ater. 


*See footnote p. 10, item (1). 
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5. Ultimate Strength of Rectangular Beams Reinforced in Tension 
Only.—A beam, tested in flexure under gradually applied loads, may 
fail in a number of ways, including diagonal tension, bond, tension in 
the steel, compression in the concrete, local failure at supports or 
hooks, and various combinations of these. In this discussion the only 
types of failure to be considered are tension in the steel and compres- 
sion in the concrete. In all that follows it is assumed that the beam 
has adequate strength against diagonal tension or bond failure. 

The distribution of strain on a section normal to the axis of the 
beam is assumed to be linear. By “strain” is meant the unit strain in 
the transformed section which excludes concrete in tension. The dis- 
tribution of strain in the concrete from top to bottom of the beam 
after cracking is, of course, not linear. This non-linearity is, however, 
of no significance in the analysis. The ultimate load on a beam is 
assumed to be reached when the compressive strain in the extreme 
fiber at a cracked section reaches the value «, given by Equation (3), 
namely, 


fe 
€) soe 


regardless of the tensile strain in the steel. If the steel yields before the 
ultimate load is reached, it will continue to deform with increase in 
load until finally the concrete crushes. Under these assumptions the 
distribution of strain in the cross-section of the beam at rupture may 
be represented as shown in the left-hand portion of Fig. 12. 
Corresponding to the linear distribution of strain in the concrete 
there is a trapezoidal distribution of stress shown in Fig. 12. If the 
depth to the neutral axis is denoted by a and the width of the beam is 
b, it is easily determined that the total compressive force in the 
concrete is 


tf! 
C= < abs 


and that its line of action is at the depth given in Fig. 12. If f, repre- 
sents the stress in the steel at rupture of the beam, the equality of the 
total tension in the steel and the total compressive force in the concrete 
requires that 


or 


Lp 
2 


ab f? = pbdf,. 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 21 


From this equation the relative depth to the neutral axis is found 
to be 


a 7 2 Pf (7) 
i epmpabta) if 


The ultimate resisting moment produced by the couple shown in 
Fig. 12, found by evaluating 


il 2 
Maun, = (4 - aa te *) 


sie fo) 3 


is given by the equation 


Mur. -<(= eta che Dx >) (8 
ba? fl d 2 6 ae 
When (7) is substituted into (8), the resulting equation is 
M, . 8 1 s 
ee pf. (1 pf \ (9) 
| N Te 


ba? ip f/f ' 


wherein N is a constant for any strength of concrete and is given 


by the formula 


nN = pelesi 38): (10) 


211+ 6+) 


For various strengths of concrete, provided that £ is related to f,’ 
according to Equation (2), the factor N takes values as follows: 


fe ee ee ON 
psi. Ze Be) 
1000 2.00 
2000 i Qs) 
3000 i Sy 
4000 1.93 
5000 1.88 
6000 1.83 
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Since pf./f¢ is small, it is sufficiently accurate for practical purposes 
to take N = 2. Then Equation (9) becomes 


Mut. Pf s 1 pf 
bP fi (: ) oy 


Thus far the equations have been perfectly general, applying to 
all concrete strengths, and to all percentages and qualities of steel. 
However, the numerical value of f, to be used in Equation (11) is 
still undetermined. From the strain relations given in Fig. 12 note 


that 
d d fe, 
o=(4-1)a=( =i) ; (12) 
a a (1 — 6) EB, 


a 1 (13) 
d a (8 )2E. 


ee 


from which 


Es 


Equating (13) and (7), and solving for f,, gives 


(LB) fe 
pe a a ae (14) 
1 au B) c 


fe 


Es 


This is one relation between f, and e; at rupture of the beam for 
any given strength of concrete and percentage of steel. Figure 13 shows 
a typical curve obtained from Equation (14) for a given value of 
f-’ and of p. Superimposed on this curve is an assumed stress-strain 
diagram for steel. Since the relation between fs and es given by each of 
these curves must be satisfied, the intersection between the two curves 
gives the value of f; and of «; at rupture of the beam. 

A graphical representation of the type given in Fig. 13 is helpful 
in visualizing the behavior of simple beams. Figure 14 shows families 
of curves determined from Equation (14) for a concrete strength of 
3000 pounds per square inch and for percentages of steel varying from 
0.2 to 6 per cent. On this figure there are superimposed a number of 
possible stress-strain diagrams for steel. From the intersections be- 
tween the family of curves and a typical stress-strain diagram for 
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steel, several inferences may be drawn: (1) For low percentages of 
steel, the stress in the steel at rupture of the beam may greatly exceed 
the yield point; (2) where a given steel has a definite yield point, 
there is a range of percentages of steel for which the stress at rupture 
of the beam will be the yield point, f,; (3) for high percentages of 
steel, rupture of the beam will occur before the yield point of the steel 
is reached. Families of curves similar to those shown in Fig. 14 may be 
drawn for concretes of other strengths. 

To translate the statements just made into quantitative analytical 
conditions, reference is made again to the idealized stress-strain dia- 
gram shown in Fig. 11 for a steel with a definite yield point. When the 
yield point is first reached the strain in the steel is 


€s = ly = f,/E. 
and the stress is f; = f,. If these relations are substituted into Equa- 


tion (14), and if the resulting percentage of steel is denoted by po, it 
will be found that 


ie 
o=K lee 
nae se 
wherein a4+p)/2 
KG mi 8) : (16) 
ee rae B) fy 
nf é 


Equation (15), with K given by (16), is interpreted as defining the 
critical percentage of steel po at which a compression failure occurs in 
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the concrete simultaneously with the stressing of the steel to the yield 
point fy. 

The variation of po with f,’ is shown in Fig. 15 for three values of 
yield point, fy. The variation of the coefficient K with f,’ and fy, is 
shown in Fig. 16. It will be seen that the calculated values of K, for a 
considerable range of common values of f,’ and f,, agree with the par- 
ticular values of 0.456 found by Whitney* and 0.47 reported by Cox,* 
but that values as high as 0.65 and as low as 0.33 may apply in 
particular instances. 

The steel stress at rupture of the beam will be less than the yield 
point when the percentage of steel p is greater than the critical per- 
centage po. That is 

fe <fy when p> po 


where pp is defined by Equation (15). Under this condition the steel 


is elastic and 
fe = Eses. 


Expressing ¢, in this equation by means of (12) and substituting the 
resulting expression for f, into (7) gives a second degree equation in 
a/d which has a solution 


af zs (17) 


PGE Set: 
Pee 
pn 


This is the relative depth to the neutral axis when p is greater than po 
and the failure is by compression. Equation (17) has been put in the 


*See footnote p. 10, items (4) and (5). 
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most convenient form for calculations, although it may be written 
in the form 


oe ‘ (")+ pscemerrmen ET WE GG 
d 1 — p aye ae 


When the plasticity ratio 6 is zero, this reduces to the well-known 
expression for k, the relative depth to the neutral axis as given by 
the ordinary theory. 

From Equation (7) the stress in the steel is 


Gloria 
= ’ 18 
fs 2p F (18) 
From (17) and (18) 
Bi = a — (18.1) 
fe 1+ /1+ uss) 
pn 


The ultimate resisting moment may be calculated from Equation (8) 
using a/d from (17), or may be calculated from Equation (11) using 
pf;/fé from (18.1). 

The variation of Mux./(bd?f/) with p and f/ is represented graphi- 
cally by the portion of the curves applying to compression failure 
shown in Figs. 17, 18, and 19. These curves are identical for the 
various values of yield point, merely applving to a wider range of 
percentages as the yield point is raised. When the failure is by com- 
pression, rupture may occur suddenly, without warning, if the con- 
crete is of high strength. This is an important fact to consider in 
relation to the advisability of using percentages of steel as high as po. 

Consider again the idealized stress-strain diagram for steel as 
represented in Fig. 11. The steel strain is ¢,/ at the place where stress 
just begins to increase above the yield point. If the simultaneous 
values 


J) = ji fs = fy, fs: ey 


be substituted into Equation (14), the second critical percentage is 
found to be 


_ sé 1+6 Re 
P1 of, Ee! : ) 
I elf) 


/ 
c 
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For percentages of steel greater than p, and less than po yielding of 
the steel will precede final rupture of the beam. Furthermore, the 
stress in the steel at final rupture will be the yield point, and the 
strain in the steel will have a value between the limits e, and «,. 
Thus, from Equations (7) and (11), when 


DES Pe= po, 


the equations which apply are 


fe = fy 
a 2 Py (20) 
d ame as 
Mu. & Phy (1 1 Phy ). (21) 
DOE he 2 Te 


Equation (21) is Saliger’s equation. Values of Mur./(bd?f/) ac- 
cording to Equation (21) were used to determine the curves shown in 
Figs. 17, 18, and 19 for tension failures in the intermediate ranges of 
steel percentage. For each concrete strength and yield point, the 
critical percentage of steel pp = K f//f, is indicated on the figure. 

The tensile stress in the steel will be greater than the yield point 
when the percentage of steel is less than pi, where p, is defined by 
Equation (19). Under this condition the stress in the steel is in the 
range approximated by the equation 


ip = fo oe Eves (22) 


as represented on Fig. 11. By equating (7) and (13), and by substi- 
tuting e, from (22) into the resulting equality, a second degree equa- 
tion in f, is obtained. Solution for f; yields the equation 


fa (A+V FFB), (23) 


wherein 


1 Ey fe 

ee sere ek. 

tae Ba —(=) 
Pa eats ico fo 


A 


(24) 
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The relative depth to the neutral axis may now be determined from 
Equation (7) and the ultimate resisting moment from Equation (11). 

For beams which fail at steel stresses above the yield point it 
must be remembered that the additional carrying capacity above 
that at first yielding is obtained only at the expense of large defor- 
mations, and consequently at the expense of large deflections. In 
Figs. 17, 18, and 19 the broken line curves for the low percentages of 
steel are based on Equation (11), with f, given by (23). Values of «,' 
and Ey were assumed, as indicated on the figures. Different families 
of such curves are obtained by making other assumptions regarding 
ey and Kp. 

Figure 20 shows the variation of Mur./(bd?) with percentage of 
steel for a number of strengths of concrete, and for two yield points of 
steel. In this figure the curves for low percentage of steel do not 
show the effect of stress above the yield point. 


6. Significance of Ultimate Strength—wWhile the major purpose of 
this bulletin is to present a study of the ultimate strength of reinforced 
concrete beams from the point of view of analyses and tests, it seems 
pertinent to discuss the significance of ultimate strength. In the first 
place, it should be recognized that a single point on a diagram repre- 
senting ultimate strength versus some variable or combination of vari- 
ables is not an adequate representation of the result of a test. This is 
recognized in tests of steel where, in addition to ultimate strength, the 
yield strength and measures of ductility are reported. In tests of beams 
there may or may not be yielding of the reinforcement, depending 
upon the type of failure. 

The extent of yielding in a beam, when it does occur, is only par- 
tially indicated by a ratio of load at yielding to load at rupture. A 
more complete picture is given by load-strain diagrams for maximum 
strains in the concrete and steel and by a load—deflection diagram. 
A study of such diagrams reveals that strength beyond yielding is in 
the nature of a reserve strength which may be utilized only at a cost 
of large strains and deflections. For example, an addition of 5 per cent 
to the load at yielding may produce final rupture, but the strains 
which accompany this final increment of load may be greater than 
the strains up to yielding. This effect becomes even more pronounced 
when the percentage of steel is low enough to develop stresses beyond 
the yield point. In fact, deflections at least ten times as great as those 
at first yielding have been observed in test beams containing extremely 
low percentages of steel. Approximate calculation of deflections is 
discussed in the next section. 
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The significant point to be brought out here is that capacity loads 
must be evaluated in terms of the behavior of the structure up to 
capacity. The ability of a beam to yield is a desirable one from the 
standpoint of transfer of load, and because yielding gives visible evi- 
dence to warn of approaching failure. A large capacity to yield is put 
into columns by means of spiral steel but may be had in beams by 
maintaining the percentage of steel below the critical percentage po 
given by Equation (15). While it is beyond the scope of this bulletin 
to present a design procedure, it may be noted that a limitation on 
percentage of steel in terms of po will automatically assure designs 
which keep within the capacity of the concrete for each grade of steel. 


7. Approximate Calculation of Deflection at Yielding and at Rup- 
ture.—The type of beam considered here is the simply-supported beam, 
reinforced in tension, and having a constant bending moment over a 
considerable portion of the beam, such as the middle third. When the 
product HI is a constant, the maximum deflection of a beam is given 
by an equation of the form 

WL 


EI 


(25) 


where k; is a constant, W is the total load on the beam, and L is the 
length of span. The constant k; may be determined for any loading. 
For example, 


23 
k, = —— for third-point loading 
1296 


11 
k, = —— for quarter-point loading. 
76s : 


The maximum bending moment in a beam may be expressed as 
M=kWL (26) 


where k, is a constant. For example, 


for third-point loading 


ke = — for quarter-point loading. 
8 
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The equation for the deflection may then be written in the form 


i, MI? | ML 
Ae ee (27) 
in) TBI EI 


where k = k,/ke. Thus 


23 
k = —— for third-point loading 
216 


11 
k= ae for quarter-point loading. 


When the product EJ is constant throughout the length of the 
beam, Equation (27) may be written in terms of the curvature 1/R 
at the center of the beam; that is 


1 
A =k—L. (28) 
R 


The constant k in this equation is the same as indicated previously 
for Equation (27). In reinforced concrete beams the effect of increased 
stiffness, HJ, in the outer thirds or quarters of the span is to decrease 
k somewhat. However, the values of k given for constant HI are 
satisfactory for use in approximate calculations. 

Maney* expressed the curvature 1/R in the form 


1 Ec = Es Ec Es 


R d Cr C 


where 


measured compressive strain in concrete 

e, = measured tensile strain in steel 

= depth of beam between gage lines 

c, = distance from neutral axis to gage line in concrete 
cs = distance from neutral axis to gage line in steel. 


a 
9 
ll 


Q 
| 


The strain in the steel when yielding begins is 


Lh 
Be 


*G. A. Maney, “Relation Between Deformation and Deflection Reinf 
Beams,” Proc. Am. Soc. for Testing Materials, Vol. XIV, Pt. II, 1914, betty cmap eee 0 
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At this stage of the test a portion of the ultimate compressive resist- 
ance of the concrete has been developed, as indicated in Fig. 21. 
From equilibrium and from the geometrical relationships involved, 
it may be shown that the relative distance between the neutral axis 
and the steel is then given by the equation 


roe ze 
ae Je (29) 
nife: 
=e 

2fy 
The curvature is therefore i! 
Nc 

J -++ 

1 oy Ey a ty 2fy 
R C E, d 1 Phy 
fe 


and, from Equation (28), the deflection at the start of yielding is 


nf ¢ 
Was 
ie k L? fy 2fy 
oa E,d 1 = Phy , 
fe 


(30) 
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This equation applies only when the percentage of steel is less than 
the critical percentage po. Otherwise the yield point of the steel cannot 
be developed. 

To derive an equation for the maximum deflection of the beam at 
its ultimate resisting moment, observe the strain relations given in 
Fig. 12. These indicate that 


— 
wn 
{ 
= 
Th, 


Reon at Meee oe 


However, from Equation (7) 
2d fs 
(i= 6) age 


so that 
Lope UE pale) 


Re © ie Reeders fom 


Substitution into Equation (28) gives 


kl? 1+ 8 (fi/E.) 
JX ‘a C Bill 
eS Tog SB nO oe 


In Equation (31) 
teeta when Dt << Pee Dy 


and f, is given by Equation (23) when p is less than p;. Thus all 
quantities in Equation (31) may be calculated. 

From Equation (81) the large influence of the plasticity ratio 6 
on the deflection becomes evident. For 6 = 0.7 the ratio involving 
B is 

1+, SG 
= —— = 5.67 
0.3 


whereas for B = 0.8 the ratio is 


1+6 18 
Lae WO 


= 9.0. 


Obviously large errors may result from inaccuracies in the plasticity 
ratio. 
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At the critical percentage of steel po given by Equations (15) and 
(16) the steel stress is f, and 


peas | OAs ey (1 ef 1 nf ¢ 39 
7] ult. E, iy pee 8 ip ( ) 


While recognizing that calculations of deflection are at best only 
estimates, one may obtain from Fig. 22 some idea of the general ef- 
fect of percentage of steel on the deflection of a beam when other 
factors remain constant. The large increase in deflection at ultimate 
resistance over that at first yielding of the steel is evident for the 
smaller percentages of steel. As the percentage of steel increases the 
ratio Aur./A, decreases until p = po, and after this A, loses its 
significance, failure then being by compression of the concrete. 


III. Comparison Witu Test Data 


8. Comparison of Calculated and Experimentally-Determined Ulti- 
mate Loads.—Many tests have been made on beams which have failed 
in tension or in compression. Most of these have been described quite 
fully except for some of the detailed properties of the steel which 
have been noted herein as significant. Lack of knowledge of the extent 
of yielding of the steel and the rate at which load again picks up is 
especially unfortunate where low percentages of steel have been used. 
Tests have shown that some reinforcing bars, particularly of small 
size such as commonly are employed in laboratory tests of beams, 
exhibit a yield point but then pick up stress almost immediately at a 
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Fic. 23. 28-Day CoNcrETE STRENGTHS REPORTED FOR 
Tests By Kennetu C. Cox 


tangent modulus #, in the neighborhood of 1.0 or 1.5 million pounds 
per square inch. Such action is likely to be important in beams having 
less than 2 per cent of reinforcement. In other bars the amount of 
yielding at constant stress is very large, the plastic strain being 10 or 
20 times as great as the elastic strain. ; 

In the absence of specific data on the stress-strain characteristics 
denoted by e«,’ and Ey, assumptions have been made as indicated in the 
tables which follow. Agreement between calculated and experiment- 
ally-determined ultimate resisting moments, where such assumptions 
are made, cannot be regarded as particularly significant except as to 
the reasonableness of the general mode of analysis. 


(a) Tests by Kenneth C. Cox, Lehigh University; Journal, Am. Conc. Inst., 
September 1941, p. 65 


Data pertaining to tests by Kenneth C. Cox are given in Table 1. 
The beams were in general 5 in. by 6 in. in cross-section, loaded at the 
third points on a span of 45 inches. Exceptions were beams 222-5 to 
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222-11, inclusive, for which the depth was successively increased. Most 
of the beams of intermediate strength concrete (3100 psi.) were tested 
in triplicate, whereas the others were tested singly. 

Some uncertainty exists with respect to the concrete strengths 
which were not reported for the individual beams, but were reported 
for each class of concrete. Reported 28-day strengths are given in Fig. 
23, each plotted point, with one exception, representing the average of 
3 cylinder tests. The one exception indicates that a substantial de- 
crease in strength resulted when 24 additional vibrated cylinders were 
tested and the results averaged with the reported strength based on 
tests of 3 cylinders. It is presumed that these additional cylinders were 
made at the same time as the beams. As a result, for the purpose of 
the analysis contained in Table 1, strengths represented by the solid 
line shown in Fig. 23 were adopted as representative of the average 
concrete used in the beams. 
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Test results are indicated in the first 6 columns of Table 1. Calcu- 
lated values of n, 8, K, po, and p, follow, the last calculation being 
based on an assumed value of ¢,’ = 0.005. Column 12 indicates the con- 
dition which predicts the type of failure and which determines the 
appropriate equations to use in calculating the quantity pf;/f,. It will 
be noted that in every instance where the percentage of steel is greater 
than pp the ratio of moment at yielding to moment at rupture is unity. 
This ratio, however, becomes less than unity in each series of tests at 
the first percentage of steel less than po. For beam No. 223, where 
Pp = Po, Some yielding was apparently noted. Columns 13 and 14 were 
calculated by the appropriate formulas given in the text depending 
upon the condition noted in column 12. The ratio of the ultimate re- 
sisting moment determined in the test to the calculated value is given 
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for each beam in column 17. These ratios vary from 0.91 to 1.08. 
Average ratios for the various concrete strengths are as follows: 


: pe Average Ratio 
Series psi. Mtest/ Meare. 
100 1700 0.980 
200 3100 0.996 
300 4500 0.992 
400 5800 0.994 


A graphical comparison of theoretical and experimental resisting 
moments from Cox’s tests is given in Fig. 24, where Muit./(bd?f-’) 1s 
plotted against percentage of steel. In the theoretical curves, however, 
the effect of stress above the yield point is not shown. In Fig. 25 the 
same data are shown on a diagram with abscissa pf,/fc’. Here the 
divergence from a single curve is predicted by the theory for the higher 
values of pf,/f-’. Finally, the data are plotted in Fig. 26 where the 
abscissa is pf;/fe’, where f, is the calculated steel stress at failure. The 
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test values have been divided into three groups depending on whether 
the calculated steel stress f; is less than, equal to, or greater than the 
yield point. It will be noted that most test values fall within a range 
of + 5 per cent of the approximate values given by the equation 


Mut. = Pfs ( aed a) 
bd?f. Te. i. 


provided that f; is determined according to the conditions stated in 
the text. 


(b) Tests at Columbia University, “Comparative Tests of Concrete Beams 
Reinforced with Isteg and Hot-Rolled Deformed Bars,” 
Report No. 2507, April 1941 


Results of the tests of beams reinforced with hot-rolled bars are 
given in Table 2. The beams were tested on a span of 12 ft. and were 
loaded at the third-points. The beams were permitted to remain in the 
forms with waterproof paper coverings for two weeks, during which the 
top surfaces were wet down daily. All beams were tested at the age of 


28 days. Only average compressive strengths of 6-in. by 12-in. 
cylinders were reported. 
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The reported stress-strain diagrams for the steel showed that, after 
the yield point had been reached in the higher grade steel, stress 
picked up again at a strain of 0.0037. The tangent modulus at this 
point was approximately 1.8(10)® pounds per square inch. For the 
50 000-lb. steel, assumed values of 0.005 for e,/ and 1.5(10)® pounds 
per square inch for H, were used in analyzing the beams. 

The analysis shows that the steel of series A and D should have 
been stressed well above the yield point, whereas in series B and E the 
stress should have been only slightly above the yield point at rupture 
of the beams. However, in series C failure by compression is predicted 
at stresses in the steel somewhat below the yield point. 

Comparison of the ultimate resisting moments shown by test with 
those calculated shows that the test results exceeded the calculated 
values by about 8 per cent on the average, the variation being from 
4 to 19 per cent. No satisfactory explanation of the discrepancy is 
given except to note that the manner of curing the beams may be such 
as to require a modification in the value of 8, or to require a modifi- 
cation in the value of f,’ to be used to represent the strength of con- 
crete in the beams. 

A graphical representation of the results of this series of tests is 
given in Fig. 27, where M,):./(bd?f.’) has been plotted against pf./f:’ 
for several series of tests. 


(c) Tests by Johnston and Cox, Lehigh University, 1939; Journal, Am. Conc. 
Inst., Vol. 11, No. 1, September 1939, p. 65 


Beams for this series of tests were loaded at the third points of a 
9-ft. span. The forms were stripped after one day, and the beams were 
kept in a moist room until they were 28 days old, and they were tested 
at this age. 

Results are given in Table 3 for the beams which were reinforced 
with hard-grade deformed bars and which did not fail by diagonal 
tension. In all of the beams the percentage of steel was low, resulting 
in steel stresses above the yield point at rupture of the beams. Uncer- 
tainty exists regarding the stress-strain characteristics of the steel 
above the yield point. For the purpose of analysis it was assumed that 
¢/, = 0.005 and FE, = 1.5(10)* pounds per square inch. On the basis of 
these assumptions calculated steel stresses and resisting moments at 
rupture were determined as given in Table 3. Ratios of Mies: to Meare. 
varied from 0.96 to 1.12, with an average of 1.04. As noted previously, 
agreement between experiment and calculations based on assumed 
properties of steel cannot be regarded as particularly significant except 
as to the reasonableness of the method of attack. 
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(d) Tests at Columbia University, 1935; Concrete and Constructional 
Engineering, Vol. 32, 1937, p. 200 


For this series of tests beams were supported on a 9-ft. span and 
loaded at the third points. These beams were quite similar to those 
tested by Johnston and Cox which have been discussed previously. 
Percentages of steel were low, again resulting in steel stresses above 
the yield point. 

In Table 4 the beams are divided into two principal groups accord- 
ing to the grade of steel. In the first group the yield point is nominally 
36 000 pounds per square inch, and for this group it was assumed that 
ey = 0.010 and H, = 1(10)® pounds per square inch. In the second 
group the yield point is nominally 56 000 pounds per square inch, and 
for this group it was assumed that «,’ = 0.005 and EH, = 1.5(10)® 
pounds per square inch. Based on these assumptions ultimate resisting 
moments were calculated and compared with test values. Ratios of 
Miest to Meaic. for the first group varied from 0.92 to 1.09 with an 


average of 1.01. For the second group the variation was from 0.96 to 
1.03 with an average of 1.01. 
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(e) Tests by Slater and Lyse, Lehigh University; Proc. Am. Conc. 
Inst., Vol. 26, 1930, p. 831 

Twelve types of beams, highly reinforced to develop compression 
failures, were tested in triplicate by Slater and Lyse. The beams were 
tested on a span of 9 ft. 6 in. with the central 42 in. having a constant 
bending moment. Beams and cylinders were cured in a moist room 
until an age of 28 days was reached, and then they were tested to 
failure. 

The data given in Table 5 permit a comparison to be made of 
calculated ultimate strengths with those determined experimentally. 
The ratio of ultimate resisting moments, Mies:/Meaic., varied from 0.90 
to 1.10 with an average of 1.00 for a range of concrete strengths from 
1390 to 5740 pounds per square inch and a range of steel percentages 
from 2.1 to 5.6 per cent. According to the calculations all of the beams 
were reinforced in excess of the critical percentage jo. 

A graphical representation of the results is given in Fig. 28 in which 
M/(bd?f,’) is plotted against percentage of steel. A reasonable cor- 
respondence between theory and experiment is noted. This diagram 
shows also how a fortuitous choice of concrete strengths and steel per- 
centages will result in a constant value of M,);./(bd?f.’) for compres- 
sion failure. 


(f) Tests by Richart and Jensen, University of Illinois, 1931; Univ. of Ill. 
Eng. Exp. Sta., Bul. 237, pp. 36-37 


Beams 6 in. wide and 10 in. deep were tested in triplicate on a span 
of 8 ft. with third point loading. The beams and 6-in. by 12-in. control 
cylinders were cured in a moist room and were tested at the age of 
28 days. 

The beams were all reinforced with about 1 per cent of steel. While 
it was intended that they should fail in tension, it was not realized 
when the tests were planned that the steel stresses at rupture of the 
beams might be higher than the yield point. Consequently, stress-strain 
data for the steel were not determined above the yield point. Analyses 
reported in Table 6 show that steel stresses slightly above the yield 
point were reached. Such stresses are predicted on the basis of «,’ = 
0.01 and Z, = 1(10)* pounds per square inch. 


(g) Tests by Humphrey and Losse, Bureau of Standards, 1911; 
Technologic Paper No. 2, Bureau of Standards, 1912 


Tests were made on 333 beams 8 in. by 11 in. in cross-section, sup- 
ported on a 12-ft. span, and loaded at the third points. The beams were 
damp cured and were tested in triplicate at various ages. 
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Analyses of the beams have been made, and the results show that 
in every instance the percentage of reinforcement was less than the 
critical percentage p) for compression failure. Actual percentages of 
steel varied from about 0.5 to 2.1 per cent. In making the analyses the 
concrete strength f.’ was taken as 1/0.95 times that reported for 8-in. 
by 16-in. cylinders. 

For all the beams except those having the lowest percentage of 
reinforcement, the steel stress at rupture of the beams was the yield 
point. Comparison of Myit./(bd?f.’) with pf,/f-’ is shown in Fig. 29 for 
the test data and for Equation (21). Each plotted point represents the 
average of 3 tests. The agreement confirms the equation, 


bd? ff = ci 


Ma. Phy ( 1 i) 


but does not establish the limits of its applicability. 
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(h) Tests by Lyse and Wernisch, Lehigh University; 
Proc. Am. Conc. Inst., Vol. 33, 1937, p. 1 


In this investigation tests were made on strips of slabs having a 
total depth of 4 in. and a width of 34 in. The span length and the 
manner of loading varied. Only the tests on a simple span with quarter 
point loading are considered here. The specimens were moist cured and 
were tested at an age of 28 days. An upside-down position was used in 
the tests so that there was no dead-load moment at the center of the 
span and a small dead-load moment at the quarter-points. 

Table 7 gives data from the tests and calculated quantities based 
on ¢,/ = 0.005 and Hy = 1.5(10)*® pounds per square inch. Concerning 
physical properties of the steel, Fig. 10 of the paper gives three 
“typical” stress-strain curves for reinforcement of different grades 
from which approximate values have been scaled as follows: 


Yield Point Sie Slope 
Grade of Steel ih, : Ey 
psi. - psi. 
Iincenmecdiatesm aemsnsyoncises so: 48 000 0.012 0.7(10)5 
LRAT Le Bie sae GSE Rn eis orem 68 000 0.020 1.8(10)§ 
Elieheyiel dapointesse emer cee: 93 000 0.010 2.0(10)§ 


It is a question as to how “typical” these properties can be because of 
the various bar sizes used in each grade of steel, and because of the 
variability of yield points reported for the bars as used in the test 
specimens. The exact nature of the stress-strain characteristics of each 
type of bar is important in this series of tests because of the low per- 
centages of steel used. 

Due to the uncertainty with respect to the properties of the steel, 
Table 8 was prepared showing calculations based on ¢,’ = 0.01 and 
various values of Hy as indicated in the table. From Tables 7 and 8 it 
will be noted that the ratios of Mies: to Meaic. at ultimate loads are 
generally high, averaging from 1.09 to 1.16, and in particular instances 
reaching values up to 1.34. 

It appears to be entirely possible that the ultimate resisting mo- 
ments developed in these tests are in excess of the values which could 
be calculated from the formulas given herein if actual data for the 
steel were known for each beam. If this is so, a possible explanation is 
as follows: The ratios of width to depth and of width to span of 
specimens were relatively large. Under such circumstances stresses are 
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developed at right angles to the flexural compressive stresses. The 
effect in the plastic state may be to permit greater strains to be 
developed before rupture occurs. The plasticity ratio as given by the 
equation 
1 
6 = | (2) 


oN 
1 
es ( 4000 ) 


may, in this case, be too small. 
On the calculated resisting moments, the effect of increasing 8 may 
be determined from a study of the variation of f, in the equation 


bai ay. 


ys es 


Mut. pf (1 1 Die ik (11) 


In the first place, increasing 8 changes the critical percentages p, and 
po between which f; = fy. Secondly, increasing 8 increases the calcu- 
lated value of f,; when p is less than , or is greater than po. This may 
be seen from a study of Fig. 30, in which the effect of changing B is 
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shown on curves which have been drawn in the manner defined on 
Hig 15. 
(i) Other Tests 


Numerous other tests have been made by various investigators who 
have reported beam failures in both tension and compression. European 
tests are available, but have not been discussed here mainly because 
of the uncertainty of f.’ where cube tests alone are available. Conver- 
sion factors of appreciable magnitude merely introduce further uncer- 
tainties in the analyses. 

The large series of tests made by the U.S. Geological Survey in St. 
Louis in 1908 has been studied in so far as is possible from the partial 
report given by Slater and Zipprodt in the Proceedings of the Ameri- 
can Concrete Institute for 1920. The test results exhibit a wide scatter, 
as might be expected from the number of variables which entered the 
tests, and from the extremely low concrete strengths reported for 
many of the beams. 


9. Indirect Determination of Plasticity Ratio From Tests of 
Beams. —tThe analysis of the results of tests serves to emphasize the 
need for obtaining fundamental data regarding the plasticity ratio for 
various states of stress, principally for unidirectional stress as in 
ordinary beams. 

As a method of determining indirectly from compression failures 
of beams, one may regard Equation (11) as sufficiently well established 
to be used to calculate steel stresses at failure. That is, from Equa- 


tion (11) 
s 2M, as 
Py =e a (33) 


However, from Equation (14), when e, = te fo 


1+ 8 
Pfs _ 2 
if 1 ee . 
fe ‘4 ( B) pf. 
np Te 
a 1+6 
2 
a= ee (34) 
= a 
1+ 


tse 
(06) 
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Solving (34) for B gives 


ie a eee (35) 


Determination of a from (33), using experimentally-determined ulti- 
mate resisting moments, permits finally a determination of 8 by means 
of (Bo). 

Determination of 8B from compression failures of beams, using 
Equations (33) and (35), results in values represented by the plotted 
points in Fig. 31. A considerable spread in the data expressing a rela- 
tion between @ and f.’ is to be observed. This is similar to the spread 
which has been observed between n or HE, and f,’, and may be due to 
similar causes, such as variability in density of aggregates, workability 
of concrete, relative amount of voids, storage conditions, etc. A part of 
the spread is due to the impossibility of duplicating exactly all condi- 
tions which enter a test. The mean of the plotted points is seen to be 
represented reasonably well by Equation (2). 


IV. ConcLuUsION 


10. Summary and Discussion—Analyses have been given for the 
ultimate strengths of rectangular beams reinforced in tension only. 
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These analyses are based on a conception of concrete defined in its 
properties by two quantities, (1) the initial modulus of elasticity E, 
(or the modular ratio n), and (2) the plasticity ratio @ which is 
defined as the ratio of the plastic strain to the total strain of the con- 
crete at rupture. Each of these quantities is a function of the com- 
pressive strength of the concrete and, for workable concretes made with 
ordinary aggregates of gravel or crushed stone, may be approximated 
by the empirical formulas 
E, 10 000 


SS 1 
eat dieser sete (1) 


B= Ge (2) 
1+ (Gas) 
ce 

In these equations f,’ is the numerical value of the compressive 
strength of 6-in. by 12-in. cylinders, expressed in pounds per square 
inch. The physical significance of the plasticity ratio 8 is shown in 
Fig. 10, where an idealized stress-strain diagram for concrete is 

represented. 
When the steel reinforcement has a definite yield point which per- 


mits the use of an idealized stress-strain diagram for steel, as shown 
in Fig. 11, two critical percentages of steel are determined as follows: 


Z oe iy 
pa ‘A (15) 
2fy (1—-S)f, 
eee 
nfe 
and 
te 1p. 
BS a) (19) 
2fy (1 i B) Ey 
1+ 7 


where pp is the critical percentage above which failures are by com- 
pression, and 7, is the critical percentage below which failures occur 
at steel stresses greater than the yield point. 

The ultimate resisting moment of the beam is given by the formula 


(9) 


Mut. Pfs (1 1 Pfs ) 


b d? Ap s Nei N tes 
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Practically N may be taken at a constant numerical value of 2 
although the derivation gives the formula 


3 (Dae) 
ZC aio) 


(10) 


from which N approaches 2 for the lower strength coneretes, and 
becomes slightly less than 2 for the higher strength concretes. 
When p > py the failure is by compression, and 


ues mel (18.1) 


fe 2(1 — B) 
1 1] + ———--——- 
‘ial ar 


When pi < p < pp the failure is by tension in the steel, the stress in 
the steel being f, at rupture of the beam; that is 


Pfs Phy 
ie tas 


When p < p; the failure is by tension in the steel, but the steel stress 
at rupture of the beam exceeds the yield point; in this case 


eS = _ (A+ SA +B) (23.1) 
wherein 
il Wienke 
A=1- gl 
Il se fs E, fo 
(24) 
a 2 1+ 8 & (=) 
P (WS 463 E, fo 


The quantities fo and Ey are defined in Fig. 11 as particular properties 
of the tensile reinforcement. 

In every case the relative depth to the neutral axis just prior to 
rupture is given by the formula 


a a De pfs 7) 
deaf a 
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For compression failures, and for tension failures with DES P< Dos 
tests have shown reasonable agreement with the preceding equations. 
For tension failures with p < p, detailed information regarding the 
stress-strain characteristics of the steel is usually very meager, or is 
lacking entirely, so that the comparisons which have been made are 
not sufficiently reliable to draw any conclusions. Future tests may in- 
dicate required modifications in the basic equations given herein. 

With respect to the constant N in Equation (9), there is experi- 
mental justification for using a value of 2 rather than a value of 1.7 
such as would be obtained by using 0.85 f,’ in place of f,’ in de- 
veloping the theory. To show this it is noted that, for compression 
failures, pfs/fc’ is given by Equation (18.1). According to this equa- 
tion pfs/f:’ approaches its maximum value of unity when B also ap- 
proaches unity. By Equation (9), the quantity M,y);./(bd?f.’) then ap- 
proaches a maximum value expressed by the quantity (1 —1/N). 
When N = 2 this quantity is 0.500, and when N = 1.7 it is 0.412. For 
low values of f.’, when 6 has its maximum value, experimental values 
of My,./(bd?f,’) have approached 0.500 as shown in Tables 1 and 5, 
or in Figs. 24 and 28. For this reason the use of the full value f,’ seems 
justified as the maximum stress in the trapezoidal distribution shown 
ime big. 12. 

Approximate calculations of deflections at the yield point of the 
steel and at the ultimate resistance of the beam may be made from 
Equations (30) and (31) as discussed in Section 7. Calculations made 
according to these equations explain the large deflections which, for low 
percentages of steel, accompany the development of the reserve ca- 
pacity of a beam beyond the load which produces yielding of the steel. 

As described in Section 9, an indirect determination of the plasticity 
ratio 8 was made from an analysis of beam tests in which compression 
failures occurred. The data plotted in Fig. 31, although showing a 
considerable spread, confirm the general form of Equation (2), which 
expresses empirically the relationship between the compressive strength 
and the plasticity ratio of concrete made with gravel or crushed stone 
aggregate. 


ENGINEERING EXPERIMENT STATION 


ILLINOIS 


52 


9660 2sBI0Ay 

46°0 8680 919°0 6FS°O | OOL GE d<d ¢c10'0 | €8Z0'0 | 99F 0 | $29'0 | €2'8 880 00°T 0690'°0 | 009 O¢ | OOTE E96 
GOT 6Le 0 8090 ¥6F'O | 000 FF d<d CcT0'0 | £8z0'0 | 99F'0 | $69'0 | €6'8 6LE°0 00'T 8FE0'O | 009 O¢ | OOTE 6S 
66°0 GPG 'O 9F€ 0 1860 ef od > d> id | Gct0'0 | $8Z0'0 | 99F'0 | $z9'0 | €2'8 OFG'0 | 26°0 L100 | 009 O¢ | OOTE ISG 
TORE 6248 °0 9690 60¢°0 | 009 OF d<d €910'0 | L0€0'0 | 9LZF'0 | $e9'0 | €2'8 T8€ "0 00'T 88€0°0 | OOL 8h | OOTE SES 
96°0 €9€ 0 L830 LLY'O | OOL 8F od < d €910°0 | 20€0°0 | 9ZF'0 | $29'0 | E28 8rE 0 00'T 80€0°0 | OOT 8F | OOTE PES 
FO'T £660 PP 0 09€ 0 “f od > d> id | €910°0 | 40€80'0 | 924h'0 | $290 | €2'8 90€ “0 86'0 G€c0'0 | OOT 8F | OOTE ES 
€0'T FIZ'0 00€ “0 $FE'0 | 00S 8F id>d €910'°0 | 20€0°0 | 9LF'0 | GZ9°0 | €2'8 1660 46°0 9ST0'O | OOT 8F | OOTE ES 
86'0 O&T 0 6LI'0 OFT'O | 000 24g id>d €910°0 | 20€0'0 | 9ZF'0 | GZ9°0 | &'8 LET '0 98'°0 9400°0 | OOT 8F | OOTE T&G 
86'0 6246 '0 929 °O 60¢°0 | 009 OF od <d GFIO'O | GSc0'0 | 8FF'O | $Z9'0 | Ez'8 6Lé'O 00°T 8860'O | 006 S¢ | OOTE STG 
£0°T €9€ "0 21890 LL¥°0 | 000 8F d<d GFI0'O | GS20'0 | 8FF'O | GZ9'0 | &4'8 PLEO 00'°T 80€0°O | 006 Gg | OOTE FIG 
80°T 6€2'0 GFE 'O 826 '0 ae od > d> id | ZFIO'0 | GEZ0'0 | 8FF'0 | $290 | £28 LS¢ 0 86'0 9ST0°O | 00¢ ¢¢ | OOTE ag 
66°0 1? 0 8810 STO | OOF G9 id >d GFI0'O | Z920'0 | 8FF'O | $690 | &2'8 OFT O 86°0 9200°0 | 006 GS | OOTE IG 
£60 F6E 0 $990 OFS O | OOE FE d<d €910'0 | L0€0'0 | 9LF'0 | GZ9'0 | €2'8 ¢Gle'O 00'T 88F70'0O | OOL 8F | OOTE PPS 
66°0 ¢GLEe°0 L19°0 100 | 006 GF d<d €910°0 | 20€0°0 | 94F°0 | $e9'0 | €6'8 OLE 0 00'T 89600 | OOT SF | OOTE EPG 
OT L408 °0 99F 0 6LE°0 as od > d> td | €910°0 | L0€0'0 | 9Lh'0 | GZ9'0 | £28 €1e 0 00'T $¥20'0O | OOL SF | OOTE GS 
L6°0 8LT 0 Lacon) 861'O | 00¢ I¢ id >d €910°0 | 20€0°0 | 94F'0 | $90 | €2'8 GLI 0 66°0 O0¢I10'°O | OOT 8F | OOTE Tv 
16°0 88€ 0 149°0 96¢°0 | 000 LE d<d LZ¥10°0 | ¥920'0 | SSh'0 | $69'0 | €6'8 €S€ 0 00'T OFFO'O | OOF ES | OOTE GGG 
660 cLe'0 609 0 C6r'O | 009 EF d<d L¥1I0°0 | ¥920'°0 | SSF'O | $29'0 | €2'8 ere 0 00'T 6SE0'O | OOF ES | OOTE PGS 
00°T T¢gé°0 09¢ 0 cscP 0 os d= d 2Z¥10°0 | ¥920°0 | SSO | $290 | €2'°8 ose 0 66°0 $9d0'0 | OOF €¢ | OOTE £66 
00°T L06°0 99F'0 6LE'0 “f Wd >d> id | 1F10°0 | $9200 | S¢h'0 | €29'0 | €2'8 80 0 146°0 06¢60'0 | OOF €¢ | OOTE G-GSS 
16°0 L960 €Lé 0 £080 “f od > d> id | 24100 | #9200 | SSh'0 | E290 | E28 6rs 0 66'0 9Z10°0 | OOF €¢ | OOTE BGG 
€0°T 1ée 0 é1€'0 £960 igi dad L¥10'0 | #9200 | SSF'O | $29'0 | €2'8 LEZ 0 00°T L¥10°0 | OOF €¢ | OOTE L6G 
90°T 8610 ¢L¢'0 €26°0 | 006 #9 id >a L¥I0'0 | #9200 | SSO | $29'0 | 28 OTe 0 $60 9Z10'O | OOF €¢ | OOTE 8-GGG 
€0°T O8T 0 92 '0 00¢°0 | OOF 9¢ id>d L¥10'0 | ¥960'0 | SSP'0 | $Z9'0 | €2'8 Sst 0 60 OTTO'O | OOF €¢ | OOTE 6-36G 
601 SOTO FEE 0 é81°O | 009 Lg id>d LZ¥I0°0 | ¥920°0 | GSF'0 | $Z9'0 | 28 Sgr 0 $60 8600'0 | OOF €¢ | OOTE | OT-Gee 
660 €ST "0 9060 LZ9T°O | 008 8& id>d L¥10°0 | $960°0 | SSO | $29'0 | 28 STO 6'0 8800'°0 | OOF €S | OOTE | IT-ze 
96°0 €ST 0 90¢°0 L9T°O | 008 8¢ d>d LZ¥10°0 | ¥920°0 | SSF'0 | $69°0 | €2'8 L¥L'0 L8°0 8800°0 | OOF €¢ | OOTE IGG 
0860 esBIDAYy 

$0 'T IZ¥ 0 1é8'0 8¢24°0 | OOF 9% d<d 9F10°0 | F€Z0'0 | 1990 | 2~8'0 | 6 OT O6F 0 00°T 8840°0O | OOT 8F | OOLT PPL 
660 G9OF'O ¥8L°0 ¥EL'O | OOF EE d<d 9F10°0 | FEZ0'0 | T99'0 | LF8'0 | 6 OT 96F 0 00'°T 89€0'0O | OOT 8F | OOLT €Fl 
66°0 Shr 0 GLO 499°0 | 00S 9F od<d 94100 | F€Z0'0 | 199°0 | ZF8'0 | 6 OT CEP O 00'T $¥60'0 | OOL 8F | OOLT as 
66°0 660 Sse "0 gseé-0 | 008 OS id>d 9710 0 | ¥EZ0'0 | 199°0 | L478°0 | 6'OT 886 0 L46°0 OZ10°O | OOT 8F | OOLT T¥l 
TO'T 89Fr 0 8080 9%2°0 | 008 8% d<d TE10'O | F0G0'O | TF9'0 | LF8°O | 6 OT LPO 00°T OFFO'O | OOF ES | OOLT SéL 
66°0 O9F 0 LLL O 8IZ°O | OOL ¥E d<d TE10'O | #0200 | TF9'O | LP8'O | 6 OT ocr 0 00°T 6SE0°0 | OOF €¢ | OOLT ica 
¥6'0 StF 0 ¢eZz 0 649°0 | 004 &F d<d T€10'O | ¥0Z0'O | T#9'0 | 24h8°0 | 6 OT EGF 0 00°T $9c0'0 | OOF €¢ | OOLT €61 
TO'T OOF 0 66¢ "0 esc 0 Be od > d> id | TE10'0 | F0Z0'0 | 179°0 | 2Z¥8°0 | 6'OT Sor 0 66'0 9210°0 | OOF €¢ | OOLT as 
£6°0 99¢'0 LEE O 0&0 | OO€ 8¢ id>d TE10'O | ¥0Z0'O | T#9°O | ZP8°O | 6°OT 8&6 0 L46°0 8800°0 | OOF €¢ | OOLT Tél. 
(ZT) (91) (eT) (FT) (€T) (21) (11) (OT) (6) (8) (2) (9) (¢) (¥) (g) (@) (1) 
SOM oD “ba | (4) “ba oh sd (61) ‘ba | (ST) ‘Pa |(9T) Pa] (2) “PA (1) Pa} peo ied isd 

9894 PIPY 2 - wOuUO oy eul 489 

nae Ty Za D fd of Dra is a M 9 oe “410 wos Iaquin 

48 “11 AT dad en RE ulreg 
PERV PII Gy 
SUOTyR[NITVO 9899 A 


‘isd 9(01)¢°I = F :900'0 = /? 
(eg “d ‘THET “3dag ‘T ‘ON ‘ET “JOA ‘09N9QSUT OJoIOUO_D uUBoLIOUTY ‘[BeUINOL vag) 


IP6I ‘XOD ‘OD HLANNGY AG SLSGT, WOU, VIVG 
I Wavy, 


uolydunssy 


53 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 


(eg “4 ‘TFET “9dog ‘T “ON ‘eT ‘T 


IF61 ‘XOD “D HIGNNGY xa SUSay, WOU VIVG 
(A4qN1IONOD) T aTavy, 


OA ‘oINAYSUT oJo10U0D uvoLOUTy ‘feuINoL 209) 


$66 0 osBil0Ay 

66°0 £080 9S 0 €LE°O | OOF FF d<d 1@G0'0 | FEFO'O | O9E'0 | ZzE'0 | Z2°9 OO0€ 0 00°T 88F0'0O | OOT SF | 008g FPF 
66°0 8S%'0 G9F'O SOE 0 “f od > d > 'd | 12Z0'0 | ¥EF0'0 | 0980 | zze'0 ol 9 9920 86°0 89€0°0 | OOT SF | O0SE CFP 
1O'T S810 90€ 0 60¢ 0 oh od > d> id | 1220'0 | ¥E40'0 | 098'0 | Zee'0 6L'9 €8T 0 $60 FEO O | OOT 8F | O08S GPF 
€0°T AO) Sx) TZT'0 €IT°O | 009 F¢ id>d T60'0 | FEFO'O | O9E'°0 | ZzE'0 | Z2°9 OIL’ O S80 0Z10'0 | OOT SF | O08E Ith 
66'0 9620 9F¢ 0 T9€°O | 009 LF od <d 6610'0 | €480°0 | FEO | zzE'0 | z2°9 £660 00°T OFFO'O | OOF EF | OOSE CCF 
60 6160 O6F 0 FEO “f od > d> Id | 6610'0 | €2¢0'0 | EFe°0 | zze'0 GL'9 966 0 L6°0 6S€0'0 | OOF €¢ | O08E PSP 
00°T £120 890 6% 0 i od > d> td | 6610'0 | €2€0°0 | EFEe-o | 2ze°0 oL 9 £130 86°0 ¥9c0'0 | OOF €¢ | O08E ESF 
46°0 ISt 0 0S2'0 C9T'O | 00¢G ¥#¢ id >d 6610'0 | €460°0 | FeO | zzE'0 | zL°9 9FTO 96°0. 9410°0 | OOF €S | OOSE GSP 
£0°T 060°0 FFI 'O £60°0 | 009 29 d>d 6610°0 | €480°0 | FEO | weE'0 | Z2°9 £60°0 680 8800°0 | OOF €¢ | CDSE IGF 
266 0 O8BIOAW 

1O'T Lee 0 c6¢°0 62F'0O | 009 6E Wd <d 88T0'0 | 69€0'0 | #6E°0 | TRO | Zaz GPE 'O 00°T 88F0'O | OOL SF | 00SF FFE 
$60 9TE°O 9F¢ 0 £6€°O | OOT SF od = d 88100 | 69€0°0 | ¥68°0 | IFF'O | 2e'Z L6G 0 00°T 89€0'°0 | OOT SF | O0SF ere 
86'0 L660 69E'0 T93°0 ‘Gg od > d> id | 8gt0'0 | 69¢0°0 | F6E°0 | THEO Go L £660 96°0 ¥FCO'O | OOT SF | O0SF GFE 
cO'T Ost 0 C6L'0 OFT'O | 009 c¢ a> d 88100 | 6980'0 | #6E°0 | TFR'O | eZ LET 0 160 O&T0'O | OOT SF | O0SF T¥E 
46°0 6ZE 0 82° °0 9TF°O | 009 ZF od < d OLTO'O | ZT€0°O | 928°0 | THRO | a2 OE 0 00°T OFFO'O | OOF ES | O0SF CSE 
$60 €T€°O 6e¢ 0 88€°O | 009 6F d<d OLTO'O | ZTE0°O | 928°0 | TFF'O | ce'Z 6G 0 00°T 6S€0'0O | OOF SS | O0SF FEE 
66'°0 $92 0 cer 0 €1T€ 0 Oi od > d> id | 0210'0 | ZT0'0 | 92¢°0 IPP O | oo'2 69S 0 86°0 ¥920'0 | OOF SS | ODSF €E 
60'T Z8T 0 062 0 60¢ 0 f od > d> td | 0410'0 | 2TE0'0 | 92¢°0 Tth'0 | 6a 2 O61 0 46°0 92410°0 | OOF &S | O0SF GE 
€0'T GIT 0 F9T'O 6IT°O | 006 09 id>d O2TO"O | ZT80°O | 928°0 | T#F'0 | sa'zZ STI 'O 98°0 8800°0 | OOF €¢ | 00SF 1d 
(241) (9T) (ST) (FI) (81) (a1) (11) (OT) (6) (8) (2) (9) (g) (F) (€) (2) (1) 
Soy oD ‘Da | (24) “bal Pt ‘isd (61) “Par | (ST) “Por | (9T) *ba| (@) “bat |(1) ba] peog isd isd 

4804 PIPY iP uolgIpuo SHEAR 489.1 

wa Wy D ue “f ener) td od Y g u “10 wot : Joquiny 
I qe IN d f rf weg 

PIEPY PIONS yr 
SuOIyRNoTVD 17 
‘tsd 9(Q1)@°T = %F ‘¢00'0 = , :uoMdumssy 


ENGINEERING EXPERIMENT STATION 


ILLINOIS 


54 


ee ee 


SOT osB10Ay 
SO'T | G86I'0 | IS8z'0 | IEZZ'O | OOF FEF | TE10'O | G2z0°0 | 9ZZF'O | G9E°0 | S8'Z | 060Z'0 | OFFIO'O | 096 g¢ | OTSE | 80°ST 00° FT rauce 
90°T I86L'O | 0S8%°0 | O€ZZ'0 | ODE FE | TST0'O | 9420°0 | O&SF'O | E9S'0 | E8°zZ | FOTS‘O | ITFFIO'O | O98 EEF | OTSE | ZI 'ST G6 §I acl 
GO'T | G00Z°0 | 688Z'0 | 19GZ'0 | OOF 9E | SFIO'O | 09Z0'0 | SETF'O | G9E°O | S8°Z | OTTZ’O | SOFTO'O | OGO 9E | OTEE | O0'ST 06° €T TIA 
40° | P86T"O | SS8e"0 | FEZZ"O | 00OL 9E | SFIO'O | 6EZ0'0 | SFIF'O | E9S'°O | S82 | TZIZ'0 | FSETO'O | OSS 9E | OLES | OTST C6 €T Ta 
90°T | SI60°0 | 8ZZI'0 | 1960'0 | OOT 89 | FETO'O | Z8Z0'0 | T9ZF'0 | E9S'0 | E8°Z | 12600 | E6F00'0 | 000 E¢ | OTSE | Gza'2t 06°6 sId 
80°T Z160'0 | I€ZI°O | €960°0 | 00S 89 | EST0°0 | 82z0°0 | EFZF'O | S9G‘0 | ¢8'z | F660'0 | E6F00'0 | OSF EE | OTEE | OST 866 od 
IIT'T | ¥660'0 | T#ZT'O | T460°0 | OOE 29 | 9ET0'O | 28Z0'0 | E8zF'O | G9G°0 | S8"z | EZOT'O | 90G00'0 | OOF se | OTSE | SI'ST 86°6 TId 
£O°T | 960°0 | €FZ1'0 | €260°0 | 002 29 | FETO'0 | Z8Z0'0 | T9SF'O | S9S°0 | S8"z | F260°0 | G0S00'0 | 000 EF | OTEE | OSI 666 Id 
90°T GPE'0 | 899°0 | eFr'0 | 006 24 | °°: €1Z0'0 | LE8E°0 | 6E¢°0 | BBL | E980 | B8zE0'O | 08% F9 | OSSE | GO'OT 09° OT rate) 
Clans 9rg'0 | IL9°0 | SPO | 008 ZF | °°” 61Z0'°0 | ¢688°0 | 6S¢°0 | Z8'Z | 98E'0 | OFEEO'O | OFO 9 | OSEE | ZO-OT CF OT SD 
elt 87E'0 | 9246°0 | 60 | OOS OF | --° °° GZZ0'0 | L26E°0 | 6E¢°0 | G82 | F6E'0 | 9FFEO'O | 000 Z9 | OSEE | 80°OT €F OT 1g) 
ile SPS 10) S29 08) ShHa0) O09) Ory 82200 | LP6E°0 | 6SS°0 | Z8'L |] 9OF'O | FIFEO'O | OLE T9 | OSes | ET‘OT SF OL To 
ZO'T | €8'0 | €ZE8E°0 | 629Z'0 | 008 ¢9 | FETO'O | 60200 | FE8E'0 | 6SS'0 | Z8'L | FPSO | SIFIO'O | OFO GO| OGee | GT’aT 86 ST rags 
90°T | 0666'0 | Z9ZE'O | EFESZ'O | OOT F9 | 6ET0'0 | 0ZZO'O | SB8E°0 | 6EE°0 | Z8'zZ | 9E%Z'O | OTFIO'O | OE6 ZO | OGGE | STAT CO °F oa 
6I°T | Goss | EZEE'O | O6EZ'0 | OOS F9 | 8ETO'O | ZTZ0°0 | O88E'O | 6EG'0 | Z8'Z | 69Z'0 | 2ZZFLO'O | 00S €9 | OSSE | CT ’ST G6 &T Ila 
vI'L | ¥F2S'O | SOSE°O | 92660 | OOF E9 | 09TO’O | Ezz0'0 | FI6E’0 | 6SS'0 | Z8'z | seo | TFFIO'O | OSF ZO | OSSe | Gost 86° €T 1a 
O'T | 9SOT'O | YEFT'O | GIIT’O | OOT T8 | S10" | 80Z0'0 | 2z8e'0 | 6SG'0 | Z8"zZ | 9600 | 68F00'0 | OSs G9 | Osse | OSI 86°6 ZLV 
cO'T TSOT"O | 8ZFI'O | EIIT'O | 009 T8 | E100 | 90Z0'0 | 9T8E°O | 6Sg°0 | Z8"zZ | SOTT’O | F8FOO'O | 09 G9 | OGEE | OZ’ aT €0°OL GV 
SO'T €901'O | 9FFI'O | LZZIT‘O | 009 O8 | FE10°0 | OTZO'O | 6E8E'O | 6SE'0 | Z8'z | 9TTT’O | 96FO0'O | OSS #9 | OGce | OZ ZT 266 IlV 
vO'T | 89010 | SSFI°O | SEIL‘O | 008 TS | TET0°O | FOZ0'0 | 86zZE'0 | 6SS°0 | Z8'Z | FITL’O | T6FOO'O | 0Gz 99 | OGsEe | Ze 'Zt €0° OL TV 
(21) (9T) (GT) (FT) (eT) (21) (11) (OT) (6) (8) (1) (9) (g) (F) (g) (Z) (1) 
“1A | (TT) “ba | (2) “ba ‘sd | (61) ‘Par| ($1) ba | (9T) bal} (%) “ba | (1) ba ‘sd ‘sd “url “ur 
9599 PLY P 
oney 48 A D “sf 1d od g u PIPY a ay of p q roquinN 
9899 AT ULBOG 
SUOTILTNITVD, 


CTFET [dy ‘Aqisroatuy wiquinjod ‘206% ‘ON quodoy 


‘isd 9(01)¢"T = J *S00'0 = ,? “q pue q suiwoq toy SIsd 4(OT)S'T = "GT '2800'0 = /? ‘ 
« SIV POULOJo] PeT[OY-JOH PUB FAs] YJIM podosojuloy suivog o4o19U0D jo sysay, oATJBAIVdUIOD,, 9990) 


IP6I ‘ALISUAAING, VIGWAIOD LY SLSHT, Wo VIVG 


(é CIAESINA Df 


q pue y surveq roy :suomdumssy 


59 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 


FO'T OSBIOAV 
OL'T 66610 8LIZ'0 €oL1'0 002 29 GSLT'O 98°0 8Z800°0 00% £9 4 lea 
96°0 68S1 0 L806 '0 O89T 0 00F ¢9 CSPI ‘0 660 ZZ800 0 008 09 % Iced 
£0°T O9FT “0 02610 98¢1 0 00g ¢9 ITST ‘0 £60 82200°0 00% 6¢ 4 Il ta 
ZO'T $£60'0 OZZ1 0 Z860'0 002 92 %960°0 18°0 OT#00'0 008 09 % II €V 
Z0'T #600 0ZZ1 0 Z860'0 002 92 2660°0 €8°0 OT#00'0 00€ 09 % I ev 
80°T T680°0 T9IT‘O ¢60°0 000 LL 1960°0 G10 68£00'0 00Z 6¢ % II ZV 
60°T 1680°0 T9IT ‘0 ¢g60°0 000 22 69600 cL'0 688000 00% 6S ae I ZV 
€0°1 9T0T 0 FEET 0 PLOT ‘0 008 92 ZFOI'O €8°0 TS#00°0 00% 29 % II 1V 
ZO'T 9I0T 0 FEET O FLOL ‘0 00€ 92 ZEOI 0 880 TS¢00'°0 00% 29 % I lV 
Ciloal 68ST 0 28060 OS9T 0 OOF S9 ZSLT'O 980 ZZ800'0 00 09 % i7®) 
90°T SSSI 0 299T 0 ZPEL 0 OOF 69 SBeT 0 CaO 81900°0 008 09 %% €0 
SOT 1680°0 I9TT ‘0 GE60°0 000 22 6600 €2'0 68€00 0 00% 6¢ 4 50) 
660 62900 20800 0¢90°0 009 26 0290 °0 IL°0 GZZ00'0 00% Z9 % 1) 
(IT) (OT) (6) (8) (2) (9) (g) (#) (g) (2) (T) 
“9189 (IT) “ba (2) “ba isd “isd “ul 
yy PScPY Pp ve 
oney 7a » “fd ‘f P&P4 Ee a f reg jo | soqumy 
9899 Ay PITA yy f I9ZoUIVIC, wuBog 
suOlR Noe 


G18 SET KOS = 20050 (P0190 = 9 ulcer = p 
(¢9 “d ‘E61 “40g ‘T “ON ‘TT ‘Jo 


‘Ul Zl = q ‘1sd ooze = 7f :Sjao sreq pourso 
A ‘e4N4YSUy eyo19U0D UvolIouy ‘jeuamos 99g) 


6E6I ‘XOD GNV NOISNHOF As SESH, WOU VLVQ 


@ WIV], 


FOP YPM podosojuror survaq 107 vyVq 


7 aA ; : ‘asa reer : = = 
-) 
_ 
uM 10’ eAeisay 
a ee 
3 £0'1 6ZEL'O LOZ’ 0 89910 OOY 09 VVIO'O ER0 0) 96'L | BBO | ¥E600'0 | 008 99 | Z8e 2 BOL | 99°61 Zid 
: £0'1 Evol O L120 9OBTO O08 09 OFL0'O 6290 GBB 88910 | 0%600°0 | 008 29 | GLO Ott 9° 6L ZO 
a ZO'T OVLL'O ELVE 0 OL6L'O OOL 9¢ 6Y10'O LLE'O OO L 10810 | GLILO'O | OOF WY | Ge¥ B | LB°IL | OL'@t 910 
7 10° TLOL‘O VIF CEL’ O 00% OL 92100 | 2090 OLS LLOL'O | 819000 | 09% 89 | 08% 2 | OOS | GO'sT 10 
fa 960 80010 EGE 0 Sg0L'O 00% IL 6210'0 | ¥Le'0 06 L vo60'0 | GIZ00'O | 0G% 8S | By e | ELSI 1a £9 
Z 101 eAuissay 
t (ne ee | 
a 90'T | 9ZEL'O 12610 VI9L’O 009 LE e10'O | BOLO 88 °2 Z1I9T'O | @HI10'O | 006 98 | 089 % | FL‘IT L6L 1d 
y) 860 B6IL'O SZ9L'O 08210 006 LE 62100 GLO 16°L OBIL'O | 19LL0°O | 006 92 | OY B | ¥O'LT G'6L 1d 
fd cO'T S9EL“O ZOBL’O VLYLO OOE YE 6Z10'0 9690 06° OVVI'O | O8Z10'O | 008 G8 | 8408 | OL’ Sl | $0°St g1D 
60°1 V6Z1 0 SELL O 16210 OO UF 12100 £090 | 80°8 90VL'O | S¥eI0'O | 008 GE | Hee | 96°IL 12 GD 
Sc 660 0280°0 L60LO 06800 OOL VEO £29'0 | 32°8 O180'°0 | £4900°0 | 008 ¥E | OLL € | 68°IE 0'@L alo 
ZA 260 20800 SHOL 0 LE80°0 009 EV SELO'O 209°0 | 80°8 BELO O | VE900'O | 008 WE | 0G 2 | 60'ZI (aarat CO 
fe 860) 96L0°0 EVOL O 0£80°0 O08 We | £EL0'O 1660 10° 13L40°0 | £2900°0 | 009 G8 | L2E& | 62°21 0 Bi is) 
is £0'1 GZOL'O E9710 ¥B0L 0 000 WV 2Z10'0 | LILO 868 92010 | 02900°0 | 009 ge | OLE 6 | GOS 2°21 10 
4 (SE) Pale ee (@V) 9 9E i ge NG, (%) | (9) (9) (¥) (7) @) (1) 
z wy | (11) ba | (2) “ba | ‘1s (61) “ba | (@) “boar | (1) “bor | “wd. “ed “ur “ut 
ta WA Wy SSAA WA eis : : 7 peoy 
onny wy v ‘fd é mH: ene Heung yy § soquin 
my ies Si [eae oars hie a e | #) oe [ea eee 
o = ns a = “eis “404 ° 
7 Fhe yp W 
few) SUOWYE[NITE) 
n | 
| — — ———— ———— ——< ————s = == — = — — = — ——_———————————— ~ 
a 


“td (OLE 1 = Ff ‘C000 = /% 4utod plats ysty soy Sted g(QT)T = 9% ‘10'0 = /% “4yulod path Moy 403 SsuOyduIndEYy 
(00% “C ‘LEGBL ‘78 “TOA ‘Autooursury [PUONYONI4sUOLT) PUe ByaL0U0Z) BOQ) 


CEG ‘ALISUAAIN() VIAWOIOD LY SISA, WOU VIVCT 
: p ATAV 


eo) 
wn 


57 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 


00° T oFeroay 


cOvT sre-o 
c6°0 £28°0 
rO'T 228°0 
6670 ese 0 
POO Pogo 
86°0 PESO 
S0O°T GEO 
ren | A) Ea) 
roo eae 
86°0 ret haat) 
06°70 F280 
or’ At coro 
QD (on) 
Ky (iy) DET 
woupy PFRQ 
One | NYY 


Nom) 


Oo 
0 


SPR O 
FOS *O 
£0¢°0 
9Te°0 
OSP 0 
oP : 
gge* 
O68? 0 
6Or*0 
1arO 
66P0 
SS2° ue 


oD 


SUOTPRTROTE 


CITES A ‘OSET ‘OS “TOA ‘OINQNSUT ooroUED WwokoUy ‘s¥urpoooorg eeg 
SUS 


steo°0 
GOLO 0 
POLO 'O 
O6LO°0 


OL8°0 
bho 
ger o 
OPPO 


£61070 bar 0 


960° 0 


eee" 


MSTO*O | SOO 


9280°0 | ate°o 
9FSO*O | BEE'O 
PEGO'O | 280 
T1070 | PERO 
yPLOeO bON 0 
(av) a 
(gt) “bg (oD ‘bg 
od N 


FEEO 
S9o°0 
eco" 
2£29°0 
sporo 
PRP oO 
COLO 
488°0 
OLr 0 
TORO 
£29°0 
COS 


(Ol) 


(@) “by 


9 


oS 
IDt-t-~-ODMrDD 


os | 
ne 
na 


OSGT ASV] ANY NaLvIg Aa 


eC 


WT, 


Ss: 


—Di-t-ODI~ OD 
=~ 


im 
— | 


Oro’o 
one m0) o80°0 
L680 eVo°o 
Ose’ 0 reko°o0 
TREO SFO°0 
2a8°0 6bO°0 
TEE O oOL0o°0 
O&O 980° 0 
Gee oO LPO 
9ee"0 L8ooo 
288°0 800 
908° 0 1t0° 0 

(2) ©) 
4ebQ S 
wouy 


WONT Vay¢] 


O08 FO 
OOS F0 
OOS PO 
OOS PO 
O08 PO 
OOS bo 
O08 PO 
OOS PO 
OOS PO 
OOS PO 
OOS FO 
OOS PO 
(¢ 
isd 
“ 


OLSt 
OBST 
0066 
OOLE 
O86G 
OSlh 


ae 
OOS 
OL0OF 
OOLE 
O6BET 


oon 


IN-AS 
an 
ka 


= 
=k 


P 


a 


ROTO LLIN 
wo 


ILLINOIS ENGINEERING EXPERIMENT STATION 


RO [ odelOAYy 
LEAL 96ZL'O | L691°O | 6810 | OOF OF | 8ITO'O | ZOFO'O | 929'°0 | 2H9'0 | FE'8 96° PV 0 8E6 O £0100 OOL 68 0666 (ae 
cO'T LZOL‘O | 9S¥T°O | 98010 | OOL T¥ | LZ10'0 | 6G%0'°0 | 09F'0 | E19'°0 | 99°24 go's SOLO 6660 £0100 OOL 68 0068 oI 
£0'T €980°0 | Z821°0 | 20600 | 008 ZF | OFTO'O | ZIG0'O | 61F'0 | LOF'0 | LOL 98°8 680°0 VV6 0 £010 °0 OOL 68 OE8P 1 So | 
oy IPZ1'0 | ZF9T'O | 6ZEL'O | OOS OF | 6ITO'O | TI¥O'O | ZIG‘0 | 619°0 | 81'8 IL'8 BELO L156 °0 £0100 OOL 68 OVIE ge 
Olt PEOL'O | ZHFT'O | F60IT‘O | OOL IF | 9ZI0'O | LE40'0 | B9F'0 | LIG‘0 | Bg°L LLL PIL O 1680 £0100 OOL 68 OLE ojo 
90°T ZL80'0 | Z6Z1'°0 | $1600 | 00% ZF | GELO'O | E1G0'0 | Gah'0 | GIF'O | TIL 1S°L 60° 0 6660 £0100 OOT 68 OGLY T-D 
(LT) (91) (GT) (FI) (€1) (61) (11) (O1) (6) (8) (1) (9) (g) (¥) (€) (@) (1) 
mm | (11) “ba | -(L) ‘bar ‘isd | (6L) ‘bor | (GT) ‘bar | (91) “bat| (%) “ba | (1) “bor ‘sd ‘isd 
A /SPY P Pf Late 480], 
oney any D fd af id od MyM g u qgog, |?” ae a pa d ay a Joquin jy 
u PSP ‘WN wIBOgT 
“4804 AT PIOFA JA 
suolye[no[e”, WN 


CIE6L ‘28% UMeTNg uoyryg yuoultuedxy Aulooulduyy stoulf[] Jo AytssoAtu() 09g) 


‘isd (OL) I = Wf ‘10'0 = /2 :suoydunssy 


I26L ‘NASNO( GNV LUVHONY AM SLUSH, WOU VIVG 


Q @IAV I, 


59 


ULTIMATE STRENGTH OF REINFORCED CONCRETE BEAMS 


*‘StopulfAd “ul-g Aq -ul-g jo Yjsu0148 sowuty CGO, 


60° T 98¥10Ay 
cO'T | 8620°0 | €ZT'0 ‘0 | 008 29 id >d F0Z0'0 | €6€0'°0 | 09€°0| 6FE'O | €8°9 | 9TS0‘0 SéL00°0 | 000 0S Bile % 8 GE 
€I I | 60%Z'0 | €g8°0 a0) i od > a> td) 6E10'0| 66Z0°0| TIS‘0| T89°0 99°8 | TTZ@'0 | 009T0°0 | 006 ZF $6°% % 9T T€ 
COM LETHON eT ea0) ‘O | OOL 96 id>d £0100 | €F10'0 | 992°0| T6E'0 | OO'Z | E6FT-O 0Z400°0 | 000 &6 $6°% % 8 6G 
IE I | 998¢°0 | 9ge'0 ® ep od > d> 1d\ 10Z0'0| 2060°0 | 2z¢'0| #£9°0 62°8 | G€9%'0 | OFIZO'0 | 0S6 gE GL | “bs T 91 8z 
CG Li ZOZAT O00 26520 ‘O | 008 ¥¢ 'd>d | $€10°0| 08200 | 16:0] €99°0 T¢°8 | 6406'0 | 08600°0 | 000 0¢ 00°¢ % 8 96 
80°T | €621°0 | T¥e°0 ‘O | 009 0¢ 'd>d_ | ¢910'0| 60€0°0| 9660) TE9°0 Iv¥'8 | €€61°0 | €STI0'0 | 000 ZF 90° % ai GS 
GL’ | 9F0Z°0 | 18% °0 “O | 008 TE 'd>d_ | $2100 | 28Z0°0| O80] 2F9°0 6€°8 | 06%Z'0 | 0ZET0°0 | 00€ OG 6% M% al ¥Z 
SO'T | 9FIZ'O | 966°0 ‘0 | 000 8F id>d P9T0'0 | 20800 | S6F°0] TS9°0 | Zb°8 | BFaz'O O6FIO'O | OOL LF 90°€ % a €@ 
ZO"T | 8861'0 | €26'0 “O | 00€ O¢ id>d T9T0'0 | 8660°0 | ¢8F'0| €F9°0 | ¢e°8 | 6TIz‘O 8ZE10'0O | 00S SF O's o% ai GS 
&I°T | 0%42°0 | 608°0 ‘0 | 00¢ §¢ ia>d 9100 | 0900 | 69F'0| 89°0 | OF'8 | TOGz0 ZOFTO'O | OOT E¢ 00°€ % al 1G 
GIT | 8010 | €FI'O ‘0 | 006 401} >a | ¢g00°0| IT10°0| og¢'0! 209°0 IT’S | 81@1’°0O | €F€00'°0 | 00S ¢é6 00°€ H% 8 al 
PLT | 29IL'O | FTO ‘O | 00¢ 16 'd>d | 00100] S#10°0| 8tF'0| FzL°0 S0°6 | 6ZET'0 | 9EE00'0 | 000 Ez 90°€ % 8 jt 
86°0 | €980°0 | LOT‘0 “O | O0O€ 62 id >d_ | 8€10'0| 88200 | 26F'0| #69'0 ZL°8 | 0S80°0 | €0800°0 | 000 S¢ OF'E “a 8 OL 
86°0 | €@80'°0 | ZOT’0 ‘0 | 000 TZ 'd>d | 9910°0| 6080'0| 8T¢°0| 089°0 ¥9°8 | 8080°0 | ZEE00'°0 | 000 9F OL's Vas 8 6 
ZT'T | ¥6ST'0O | €06°0 “0 | 002 8¢ id >a | 0S10°0| $920°0]| 8z¢0f gtz°0 66°8 | TZ8T°0 | #¢200°0 | 000 0¢ GL '€ % 8 L 
0G | 6ZFL'O | O6T'0 | 80910 | ODE 9 id>d 6ST0°0 | 16Z0°0| €@¢°0| 969°0 | 82°8 | E22T°0 $¢200'0 | 00¢ LF 00°¢ % 8 9 
PL'T | O€9T'°O | 60Z'0 | 062ZT'0 | 006 E9 id >d €€10'0 | P6Z0°0 | 26F°0} O1Z°0 | 16°8 | 998T°O 91200°0 | 009 9¢ 80° KH 8 g 
cO'T | T8610 | 19%°0 | 622%°0 | 009 6F 'd>d | ¥910°0} 10g0'0| 6e¢'°0| 602'0 06°8 | #Z0Z'0 | €S110°0 | 000 9F 90°€ % 8 S 
cO°T | TE6T°O | SSs°0 | S9TSZ'O | OOZ OS id>d T9T0°0 | 9620'0 | G@¢°0| 969°0 | 82°8 | OZ6T‘0 O€T1O°O | 000 LF GI'€ % ¢ 6 
(ST) (2T) (91) (GT) (FT) (€T) (ZT) (IT) (OT) (6) (8) (1) (9) (F) () 3) (1) 
(IT) “Ba | (2) “bor isd (61) CD OD (2) pens oe isd isd “ul Or |) Say 
PFPQ P es Y uoyipuog | ‘Pa by bo ba ee eg req 
oyey | apy D “fd He id od Df g Re ne 0 -win 
+ d " 4 Pf P J urdg N 
- PLePY Iojyoure SS) uouwr 
“0 1d -wedg 
SUOT]RTNOTRO, 


‘isd 9(OT)¢' 1 = 9g {eQ0'0 = /2 :suoydumssy 
CTE “286T “€€ TOA ‘oyNGQNSUT eyo10 


‘doop “ul ¢ Ayfeuruou ‘opin “Ul PE Says quig 
WOD UBoLIOWTW ‘s#uIp90001q 909) 


LE6T ‘HOSINUTA, NV ASAT AM SLSHT, WOU VLV(T 


2 a1avy, 


ILLINOIS ENGINEERING EXPERIMENT STATION 


60 


‘sdopul[Ao “UI-g Aq “UI-g JO Y4HU9I4S SOUIT} GG ‘Ox 


QOL 1 eseioay 
FIT | €120°0 | 601 0| 7200} 00S ¢¢ Omir td > d_ | 8T10'0| $6800 | 09E 0} 6FE'0 | €8'9 |] 9I80°0 | $ZZ00°0 | 000 OS | O9FS | ZTE % 8 bE 
€I'T | 80%Z'0 | EE "0 | 08Z'0 oe “7+ jod > d > Id! 600 '0 | Z6Z0°0 | TTS‘0 | 189°0 | 99°8 | TIZZ°0 | 0O9TO'0 | 006 LF | GELS | ¥6'S ae 9T Té 
GIT | 8GET'O | 9020 | EFI 0 ws ; od > d > Id! 0900'0 | €F10'0 | 9930 | T6E°0 | 00° 2 | E6FT 0 | 0L200°0 | 000 £6 | S66F | #6°2 % 8 66 
IL'T | $9860 | 98E°0| F426 °0 Af i od > d > Id) 6TT0°0 | L0F0'°0| ZZE "0 | FE9'0 | 62'S | ZEIS'0 | OFTZO'0 | OG6 SE] OFOE|E2°S} “PST 9T 8G 
GET | SLZST'O | L0G'0 | GZ 0 Ef “7+ lod > d > Td) 6000 | 08Z0'0| T6F'0 | £990 | TS°8 | 6202 "0 | 086000 | 000 Og | O¢8z} 00"E % 8 96 
ST'T | 64910 | ¥66'0} S8T'0 “f od > d > td) 86000 | 60€0'0| 9670} 1S9'0| Th'8 | SE6T 0} ESTT0'0 | 000 LF | O€6Z | 90'€ % ae GG 
ST'T | L661 '0 | €46°0 | $6a'0 ee od > d > Id} 26000 | Z8Z0'0 | O8F'0 | L490 | 6E°8 | 06ZS'0 | OZETO'O | OOS OF | S¢6z | F6°S % él VG 
90°T | GITZO | 166°0 | 0FZ'0 “f od > d > Id) 8600°0 | L0E0'0 | €6F'0 | TS9'0 | BFS | 8FZS"0 | O6FTO'0| OOT LF | $Z6z | 90'€ % 6 &@ 
OL'T | 26610 | €96°0| 9160 ee od > d > Id) G600'0 | 8620 '°0 | S8F'0 | €F9'0 | GE'S | BITZ'0 | SZETO'0 | OOS SF | G86z | OLS % 6L (£6 
€I°T | O10 | LOE 0 | E960 ef od > d > Id) 1800°0 | 0920'0 | 69F 0 | 8F9'0 | OF 8 | TOES‘0 | ZOFTO'O | OOT Eg | F6% | 00'S % a 1G 
ST'T | LGOT'O | 6€L°O} ZITO} 006 POT) G's td > d | 6F00'0| TIIO'0| 0€E"0} 209°0 | IT’S | SIZ °0 | EFE00'0 | OOE 6 | OZZE | 00'E Y% 8 as 
SI'T | 8ZIT'O | OFT'0| OGIO} OOF 88 O°’ td >d | 0900°0| SPI0'0| 8FF'0 | FZL°0 | G06 | 6ZET 0 | 9EE0D'0 | 000 EZ | OLS | 90° % 8 IT 
FO T | ¥180°0 | OOT' 0} 80°0]| 008 FL era id>d €800 0 | 8&Z0'0 | 6670 | F69'0 | 228 | OS80°0 | €0E00°0 | 000 Sg | SS9G | OF 'E ina 8 Or 
€I'T | €1Z0°0 | 680°0|}¥%20'0| 009 19 Ome tid >d | 66000 | 60€0'0 | STE ‘0 | 089°0 | 798 | 8080°0 | ZEENN'0 | 000 9F | SFLz | OL ny 8 6 
O€'T | SEFL'O | G80} 9ST'0}| 000 eg OT id >d 1600 0 | $9G0'0 | 8690] 8TZ'0 | 66'8 | TA8T 0 | 7S200°0 | 000 OF | OTSS | GI € 4 8 Z 
FET | SZET'O | 6910} FIO} 000 OS OT id >a _ | 9600°0 | 1620°0 | EE '0 | 9690] 82°8 | ELLT'0 | $$200°0 | 00G LF | $F9Z | 00'S % 8 9 
Go'T | L671 "0 | [61 °0} €9T'0| 006 8g mal td > _ | 0800'0 | FZ0'0 | L6F'0 | OLL'0| 16°8 | 9980 | 9T200'0 | 009 9¢ | SSes | 80's yy 8 S 
60°T | 99810 | GF2°0| 206°0 gf “+ od > d > 1d) 6600'0 | L000 | 6ES"0 | 6020 | 068 | FZ0T'0 | ESTILO’ 0 | 000 9F | G9Gs | 90°E % 8 € 
60°T | 808T'0O | 28¢°0| 10z'0 a od > d > td] 1600°0 | 96Z0°0 | Z¢°0 | 9690] 82°8 | OLET 0] OSTI0°O| 000 LF | F9% | SIE 4 ¢ G 
(08) (61) (ST) | (21) (91) (1) (FT) (€D) (61) | (1) | CT) | ©) (8) (1) (9) (¢) | @) (g) (2) (1) 
(11) ba} (2) isd ‘isd (61) (ST) (91) (Z) (1) ‘Isd ‘isd | ‘ur “en ‘43 
oye Jr bay Pf ae bay by “bay by | ‘ba peot 
so o : s) uOolyIpuUo, oyeuL 
re pe a, 5 aE (01) ha 1d od y g u “O10 rian ta 
; A D Weg = 48 @ a «of p ee ues soon 
PLY 1d eds 
9899 4 
SuUOTyRTNOTVD, 


10'0= ,/8 :uondumnssy 


(To ‘286T ‘ee “JOA ‘egNQysUT oJa1DUOD URoLIOUTY ‘ssuIpI000Ig 999) 
LE6L “HOSINUG AA ANV USAT AG SLSAT, WOU VIVCG 


8 Wiadvy 


RECENT PUBLICATIONS OF 
THE ENGINEERING EXPERIMENT STATION} 


Bulletin No. 314. Tests of Reinforced Concrete Slabs Subjected to Concen- 
trated Loads, by Frank E. Richart and Ralph W. Kluge. 1939. Highty cents. 

Bulletin No. 315. Moments in Simple Span Bridge Slabs with Stiffened Edges, 
by Vernon P. Jensen. 1939. One dollar. 

Bulletin No. 316. The Effect of Range of Stress on the Torsional Fatigue 
Strength of Steel, by James O. Smith. 1939. Forty-five cents. 

Bulletin No. 317. Fatigue Tests of Connection Angles, by Wilbur M. Wilson 
and John V. Coombe. 1939. Thirty-five cents. 

Reprint No. 13. First Progress Report of the Joint Investigation of Continuous 
Welded Rail, by H. F. Moore. 1939. Fifteen cents. 

_ Reprint No. 14. Fifth Progress Report of the Joint Investigation of Fissures in 
Railroad Rails, by H. F. Moore. 1939. Fifteen cents. 
_ Circular No. 39. Papers Presented at the Fifth Short Course in Coal Utiliza- 
tion, Held at the University of Illinois, May 23-25, 1939. 1939. Fifty cents. 

Reprint No. 15. Stress, Strain, and Structural Damage, by H. F. Moore. 
1940. None available. 

Bulletin No. 318. Investigation of Oil-fired Forced-Air Furnace Systems in 
the Research Residence, by A. P. Kratz and S. Konzo. 1939. Ninety cents. 

Bulletin No. 319. Laminar Flow of Sludges in Pipes with Special Reference to 
Sewage Sludge, by Harold E. Babbitt and David H. Caldwell. 1939. Sixty-five cents. 

Bulletin No. 320. The Hardenability of Carburizing Steels, by Walter H. 
Bruckner. 1939. Seventy cents. 

Bulletin No. 321. Summer Cooling in the Research Residence with a Con- 
densing Unit Operated at Two Capacities, by A. P. Kratz, S. Konzo, M. K. Fahne- 
stock, and E. L. Broderick. 1940. Seventy cents. 

Circular No. 40. German-English Glossary for Civil Engineering, by A. A. 
Brielmaier. 1940. Fifty cents. 

Bulletin No. 322. An Investigation of Rigid Frame Bridges: Part III, Tests 
of Structural Hinges of Reinforced Concrete, by Ralph W. Kluge. 1940. Forty cents. 

Circular No. 41. Papers Presented at the Twenty-seventh Annual Conference 
on Highway Engineering, Held at the University of Illinois, March 6-8, 1940. 1940. 
Fifty cents. 

Reprint No. 16. Sixth Progress Report of the Joint Investigation of Fissures in 
Railroad Rails, by H. F. Moore. 1940. Fifteen cents. 

Reprint No. 17. Second Progress Report of the Joint Investigation of Con- 
tinuous Welded Rail, by H. F. Moore, H. R. Thomas, and R. E. Cramer. 1940. 
Fifteen cents. 

Reprint No. 18. English Engineering Units and Their Dimensions, by E. W. 
Comings. 1940. Fifteen cents. 

Reprint No. 19. Electro-organic Chemical Preparations, Part Il, by Sherlock 
Swann, Jr. 1940. Thirty cents. 

Reprint No. 20. New Trends in Boiler Feed Water Treatment, by F. G. Straub. 
1940. Fifteen cents. ; 

Bulletin No. 323. Turbulent Flow of Sludges in Pipes, by H. E. Babbitt and 
D. H. Caldwell. 1940. Forty-five cents. ; 

Bulletin No. 324. The Recovery of Sulphur Dioxide from Dilute Waste Gases 
by Chemical Regeneration of the Absorbent, by H. F. Johnstone and A. D. Singh. 
1940. One dollar. 

Bulletin No. 325. Photoelectric Sensitization of Alkali Surfaces by Means of 
Electric Discharges in Water Vapor, by J. T. Tykociner, Jacob Kunz, and L. P. 
Garner. 1940. Forty cents. ; 

Bulletin No. 326. An Analytical and Experimental Study of the Hydraulic 
Ram, by W. M. Lansford and W. G. Dugan. 1940. Seventy cents. 

Bulletin No. 327. Fatigue Tests of Welded Joints in Structural Steel Plates, by 
W. M. Wilson, W. H. Bruckner, J. V. Coombe, and R. A. Wilde. 1941. One dollar. 


+Copies of the complete list of publications can be obtained without charge by addressing the 
Engineering Experiment Station, Urbana, IIl. 
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Bulletin No. 328. A Study of the Plate Factors in the Fractional Distilla- 
tion of the Ethyl Alcohol-Water System, by D. B. Keyes and L. Byman. 1941. 
Seventy cents. 

Bulletin No. 329. A Study of the Collapsing Pressure of Thin-Walled Cylinders, 
by R. G. Sturm. 1941. Highty cents. 

~~ Bulletin No. 330. Heat Transfer to Clouds of Falling Particles, by H. F. John- 
stone, R. L. Pigford, and J. H. Chapin. 1941. Sixty-five cents. 

Bulletin No. 331. Tests of Cylindrical Shells, by W. M. Wilson and E. D. Olson. 
1941. One dollar. —— 

Reprint No. 21. Seventh Progress Report of the Joint Investigation of Fissures 
in Railroad Rails, by H. F. Moore. 1941. Fifteen cents. 

Bulletin No. 332. Analyses of Skew Slabs, by Vernon P. Jensen. 1941. One 
dollar. 

Bulletin No. 333. The Suitability of Stabilized Soil for Building Construction, 
by E. L. Hansen. 1941. Forty-five cents. 

~ Circular No. 42. Papers Presented at the Twenty-eighth Annual Conference on 
Highway Engineering, Held at the University of Illinois, March 5-7, 1941. 1941. 
Fifty cents. 

ein No. 334. The Effect of Range of Stress on the Fatigue Strength of 
Metals, by James O. Smith. 1942. Fifty-five cents. 

Bulletin No. 335. A Photoelastic Study of Stresses in Gear Tooth Fillets, by 
Thomas J. Dolan and Edward L. Broghamer. 1942. Forty-five cents. 

Circular No. 43. Papers Presented at the Sixth Short Course in Coal Utiliza- 
tion, Held at the University of Illinois, May 21-23, 1941. 1942. Fifty cents. 

Circular No. 44. Combustion Efficiencies as Related to Performance of Domestic 
Heating Plants, by Alonzo P. Kratz, Seichi Konzo, and Daniel W. Thomson. 1942. 
Forty cents. 

Bulletin No. 336. Moments in I-Beam Bridges, by Nathan M. Newmark and 
Chester P. Siess. 1942. One dollar. 

Bulletin No. 337. Tests of Riveted and Welded Joints in Low-Alloy Structural 
Steels, by Wilbur M. Wilson, Walter H. Bruckner, and Thomas H. McCrackin. 
1942. Highty cents. 

Bulletin No. 338. Influence Charts for Computation of Stresses in Elastic 
Foundations, by Nathan M. Newmark. 1942. Thirty-five cents. 

Bulletin No. 339. Properties and Applications of Phase-Shifted Rectified Sine 
Waves, by J. Tykocinski Tykociner and Louis R. Bloom. 1942. Sizty cents. 

*Bulletin No. 340. Loss of Head in Flow of Fluids Through Various Types of 
One-and-one-half-inch Valves, by Wallace M. Lansford. 1942. Forty cents. 

*Bulletin No. 341. Effect of Cold Drawing on Mechanical Properties of Welded 
Steel Tubing, by Winston E. Black. 1942. Forty cents. 

Circular No. 45. Simplified Procedure for Selecting Capacities of Duct Systems 
for Gravity Warm-Air Heating Plants, by Alonzo P. Kratz and Seichi Konzo. 1942. 
Fifty-five cents. 

Circular No. 46. Hand-Firing of Bituminous Coal in the Home, by Alonzo P. 
Kratz, Julian R. Fellows, and John C. Miles. 1942. Twenty-five cents. 

Circular No. 47. Save Fuel for Victory. 1942. Twenty-five cents. : 

Reprint No. 22. Eighth Progress Report of the Joint Investigation of Fissures 
in Railroad Rails, by Herbert F. Moore. 1942. Fifteen cents. 

Reprint No. 23. Numerical Procedure for Computing Deflections, Moments, 
and Buckling Loads, by Nathan M. Newmark. 1942. None available. 

_ *Bulletin No. 342. Pressure Losses in Registers and Stackheads in Foreed Warm- 
Air Heating, by Alonzo P. Kratz and Seichi Konzo. 1942. Sixty-five cents. 

_ *Bulletin No. 343. Tests of Composite Timber and Concrete Beams, by Frank E. 
Richart and Clarence B. Williams, Jr. 1943. Seventy cents. 

*Bulletin No. 344. Fatigue Tests of Commercial Butt Welds in Structural Steel 
Plates, by Wilbur M. Wilson, Walter H. Bruckner, Thomas H. McCrackin, Jr., 
and Howard C. Beede. 1943. One dollar. 

*Bulletin No. 345. Ultimate Strength of Reinforced Concrete Beams as Related 
to the Plasticity Ratio of Concrete, by Vernon P. Jensen. 1943. Seventy cents. 


*A limited number of copies of bulletins starred are available for free distribution. 


UNIVERSITY OF ILLINOIS 


Colleges and Schools at Urbana 


COLLEGE OF LisERAL Arts AND ScIENcES.—Curriculum in the General Division; general 
curriculum with majors in the humanities and sciences; specialized curricula in 
chemistry and chemical engineering; general courses preparatory to the study of 
journalism, law, medicine, and dentistry. 


COLLEGE OF COMMERCE AND BUSINESS ADMINISTRATION.—Specialized curricula in ac- 
countancy, banking and finance, commerce and law, commercial teaching, economics, 
industrial administration, management, marketing, and public affairs. 


COLLEGE. OF ENcINEERING.—Curricula in agricultural, ceramic, chemical, civil, electrical, 
general, mechanical, metallurgical, mining, and public health engineering. 


CoLLecE oF AGRICULTURE,—Curricula in agriculture, dairy technology, floriculture, home 
economics, and vocational agriculture; pre-professional training in forestry. 


CoLLEcE oF Epucation.—Curricula in education, agricultural education, home econom- 
ics education, and industrial education. The University High School is the practice 
school of the College of Education. 


CoLLEcE OF Fine anp AppLiep Arts.—Curricula in architecture, landscape architecture, 
art, music, and music education. 


_ Cottece or Law.—Professional curricula in law. 
ScHOOL oF JoURNALISM.—FEditorial, advertising, and publication management curricula. 
ScHoot or PuysicaLt Epucation.—Curricula in physical education. 
Lirprary ScHoot.—Curriculum in library science for college graduates. 
GRADUATE ScHoot.—Advanced study and research. 


Summer Term.—Courses for undergraduate and graduate students. 


University Extension Division.—Courses taught by correspondence, extramural courses, 
science aids service, speech aids service, and visual aids service. 


Colleges in Chicago 
CoLLece oF Dentistry.—Professional curriculum in dentistry. 
CoLLeGE or Mepicine.—Professional curriculum in medicine. 
CoLLEGE oF PHARMaCcY.—Professional curriculum in pharmacy. 


University Experiment Stations, and Research and 
Service Organizations at Urbana 


AGRICULTURAL EXPERIMENT STATION BurREAU OF COMMUNITY PLANNING 

ENGINEERING EXPERIMENT STATION BUREAU OF EDUCATIONAL RESEARCH 

EXTENSION SERVICE IN AGRICULTURE BUREAU OF INSTITUTIONAL RESEARCH 
AND Home Economics PERSONNEL BuREAU 

Bureau oF EcoNoMIc AND Rapio Station (WILL) 
Business RESEARCH UNIVERSITY OF ILLINOIS PRESS 


State Scientific Surveys and Other Divisions at Urbana 


STATE GEOLOGICAL SURVEY StTaTE Dracnostic Lazoratory (for 
State NaturAL History SuRVEY Animal Pathology) 
StaTE WATER SURVEY U. S. RecionaL SoyBEAN LABORATORY 
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For general catalog of the University, special circulars, and other information, address 
THE REGISTRAR, UNIVERSITY OF ILLINOIS 
Urzpana, ILLINOIS 


